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1 Introduction

Starting from Bernheim and Whinston (1985, 1986a,b), common agency has been an ex-
tremely useful model to analyze strategic interaction between several principals and a com-
mon agent in markets. Among many, its applications are U.S. health care system (Frandsen
and Powell (2019)), capital tax competition (Keen and Konrad (2013), Chirinko and Wilson
(2018)), lobbying (Grossman and Helpman (1994), Dixit, Grossman, and Helpman (1997),
Martimort and Semenov (2008), Esteller-More, Galmarini, and Rizzo (2012)), oligopolis-
tic competition (d’Aspremont and Ferreira (2010)), and financial contracting (Parlour and
Rajan (2001), Khalila, Martimort, and Parigic (2007)).

In the classical (one-)principal-(one-or-many-)agent model, the revelation principle is
a powerful tool for equilibrium analysis.! However, it fails in common-agency models.
Nevertheless, Peters (2001) and Martimort and Stole (2002) develop a different powerful

tool for common-agency models: the menu theorem.

A general mechanism offered by principal j to the common agent is a function, ¢; :
M; — Y, where M; is a complicated message space’, and Y; is principal j’s action space.
The interpretation is that the agent could choose any message m; € M;, which would pin
down j’s action ¢; (m;) € Y;. The menu theorem says that offering c; is equivalent to offering

the menu contract (i.e., a subset of Y;) described as follows:

" = {c; (my) € Yy :my € M;}.

By offering ¢**™, principal j lets the agent choose any y; € ¢]"™ and commits to follow
his action choice.® The intuition of the menu theorem is that, under the general mechanism

¢j, if the agent’s equilibrium message is m; € Mj, then sending m] under ¢; is equivalent to

;‘) under ¢*"*. Thus, it suffers no loss of generality for principals to offer the

menu contracts only, which substantially simplifies equilibrium analysis.”

choosing ¢; (m

!The revelation principle says that it suffers no loss of generality for the principal to offer direct mech-
anisms. In any equilibrium under any general mechanism, each agent’s equilibrium strategy depends only
on his private type. This is equivalent to agents truthfully revealing their private types, and the principal

committing to playing agents’ equilibrium strategies as dictated by a direct mechanism.
2The revelation principle fails when multiple principals coexist, because an agent’s equilibrium strategy
depends on both his private type and the contracts offered by all principals. Thus, it suffers loss of generality
to focus on direct mechanisms which depend only on private types (but not on other principals’ contracts).
3For example, M 7 =10,1]. We do no impose restriction on M;, and it could be much more complicated.
4Throughout the paper, we use she to denote a principal and he to denote an agent.

5The set of all menu contracts is 2¥7\ {@}, while the set of all general mechanisms is (Yj)Mj7 and the

latter is much more complicated than the former.



The competing mechanism model is a different but related model, in which multiple
principals and multiple agents coexist. In this model, though neither the revelation principle
nor the menu theorem holds, Yamashita (2010) proves a folk theorem. Both Yamashita’s
folk theorem and the menu theorem impose a common assumption: each principal offers a
delegated contract (i.e., a function, ¢; : M; — Yj;). That is, each principal fully delegates
her action to the agent(s) via ¢;. Szentes (2009) raises a critique about Yamashita (2010),
and argues that principals should offer non-delegated contracts rather than delegated ones.
A non-delegated contract is a function, ¢; : M; — 2¥\ {@}, i.e., the agents’ messages
determine only a subset of Y;, and principal j is free to choose any action in the subset

later.® In section 2, we review Szentes’ critique in details.

Though Szentes’ critique is on competing-mechanism games, we find out that the same
critique applies to common-agency games. Since the menu theorem is proved under delegated
contracts only, this immediately leads to the following two questions: (1) Does the menu
theorem still hold if we allow principals to offer non-delegated contracts? (2) If not, how

should the menu theorem be adapted?” We aim to answer these two questions in this paper.

Another motivation for our study is that common agency with non-delegated contracts
is a special case of common agency with imperfect commitment ¢ la Bester and Strausz (2000,
2001, 2007). A rigorous relationship between the two models is provided in Section 8. All of
our analysis and full characterization in the former model can be easily extended to the latter
(see Section 8). The revelation principle in mechanism design with imperfect commitment
has been scrutinized by recent papers (e.g., Bester and Strausz (2001), Doval and Skreta
(2021)), which provide various economic applications. To the best of our knowledge, this
paper is the first one to study the menu theorem (i.e., the counterpart of revelation principle)

for common agency with imperfect commitment.

To answer the two questions, we rigorously define a common-agency game without

delegation, which turns out to be non-trivial. Such a game consists of three stages.

Stage 1: principals simultaneously announce their non-delegated contracts to the agent;
Stage 2: the agent simultaneously sends messages to principals,
which pin down a subset of actions for each principal;

Stage 3: each principal simultaneously chooses an action in the subset.

Different from the delegated model in Peters (2001), the announcement and communication

structures matter in our model because a principal’s action choice at Stage 3 depends on

6 A non-delegated contract describes scenarios in which a principal is still free to take some actions after

a contract is executed. An example is the adjustable rate mortgage (ARM) contract.
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what she has observed at the time. Specifically, at Stage 1, each principal may announce her
contract to the agent privately or publicly. With public announcement, principals observe
all of the contracts, whereas with private announcement, each principal observes only her
own contract. Similarly, at Stage 2, the agent may send a message to each principal privately
or publicly. With different combinations of announcement and communication protocols, we

can define four non-delegated common-agency models.”

Model 1: private announcement and private communication;
Model 2: public announcement and private communication;
Model 3: private announcement and public communication;

Model 4: public announcement and public communication

In Sections 4.1 and 7.1, we use examples to show that the menu theorem fails in Models
2, 3 and 4. For Model 1, Theorem 4 shows that the menu theorem holds partially: every
equilibrium allocation under non-delegated contracts is an equilibrium allocation under menu
contracts. However, the converse is not true. In this sense, it suffers loss of generality to

focus on menu contracts only in Model 1.

Then, how should the menu theorem be adapted under non-delegated contracts? A
natural conjecture is that it suffers no loss generality to focus on menu-of-menu contracts,
where a menu-of-menu contract is subset A; C 2¥7\ {@}, and by offering A;, the agent can
pick any subset F/; € A; at Stage 2, and principal j commits to playing an action in F; only at
Stage 3. The intuition is that offering a general non-delegated contract ¢; : M; — 2¥i\ {@}
seems to correspond to offering the following menu-of-menu contract

C;?zenu—of—menu = {Cj (m]) c QYJ\{Q} 1My € Mj} .

However, this conjecture is incorrect.® Rather, we identify two simple contract spaces, which

"For the delegated common-agency model in Peters (2001), the announcement and communication pro-

tocols do not have impact on equilibria.
8The reason is that the messages in a menu-of-menu contract are not rich enough. For instance, in an

equilibrium under general non-delegated contracts, suppose types 6 and @' of the agent send two distinct
messages m; and m’7 to principal j at Stage 2, which pin down the same subset E; € 2YiN\ {2}, while

principal j takes distinct actions y; € E; and y; € E; at Stage 3, upon observing distinct messages m; and
!/
VR
the same F; € 2Yi\ {o} at Stage 2, and as a result, principal j must take the same action at Stage 3, upon

m/;, respectively. If we replicate this equilibrium by a menu-of-menu contract, types # and 6 must choose

observing the same message £; from the agent.



are augmented from menu-of-menu contracts in two particular ways:

C']R: the set of menu-of-menu-with-recommendation contracts for principal j (Definition 3),

C’JF : the set of menu-of-menu-with-full-recommendation contracts for principal j (Definition 4)

That is, at Stage 2, the agent not only chooses a subset c;-nemfof T (my) € 2YiN\ {@}, but
also needs to make a non-binding recommendation y; € c;"e"“_of M (my), which would
guide each principal j to choose her action at Stage 3. In particular, C’f C CJR, and
different from the latter, the former requires existence of a subset c}ne"u_of T (my) €
2YiN\ {2}, such that every y; € c;nem‘_of "™ (my) can be recommended by the agent (i.e.,
full recommendation on c;.”e"“_of T (my)).

Our main result (Theorem 2) establishes a menu-of-menu-with-recommendation the-
orem in Models 1, 2 and 4: it suffers no loss of generality for each principal j to offer a
contract in C']R on the equilibrium path, and to offer contracts in CJF on off-equilibrium paths.
Since both C’JR and CJF are much simpler than the set of all general non-delegated contracts,

our theorem substantially simplifies equilibrium analysis in Models 1, 2 and 4.

It is worthy noting that it suffers loss of generality for each principal j to offer a contract
in C'JF on the equilibrium path, or to offer contracts in C’f on off-equilibrium paths.” Our
analysis uncovers a feature of our full characterization, which is not shared by the menu
theorem: asymmetric contract spaces between on and off the equilibrium path. Specifically,
to prove our full characterization, we need to replicate an equilibrium on the general contract
space with an equilibrium on a simple contract space: on the equilibrium path, we just mimic
one contract profile in the former space with one contract profile in the latter space, and we
show CJR suffices for the latter space (but CJF does not); on off-equilibrium paths, we mimic
all possible contract profiles (due to all possible deviations) in the former space with those in
the latter space, and we show C’f suffices for the latter space (but C']R does not). We embed
this subtle strategic difference into the different requirements in the definitions of CJR and

C JF discussed above.

In Section 7.1, we use an example to show that the menu-of-menu-with-recommendation
theorem fails in Model 3. Thus, model 3 needs a more complicated full characterization,

which is also provided in Section 7.2.

The remainder of the paper proceeds as follows: we review Szentes’ critique in Section

2, and describe the model in Section 3; we study the menu theorem in Section 4, and propose

9The intuition is similar to that in Footnote 8: contracts in Cf and CJR do not have enough messages

to describe general contracts on and off the equilibrium path, respectively.



two simpler contract spaces in Section 5; we present our main results in Sections 6 and 7;

we consider imperfect commitment in Section 8 and conclude in Section 9.

2 Szentes’ critique

Consider the following example in Szentes (2009). There are two principals and three agents
with one payoff-relevant state (i.e., complete information). Each principal chooses one of the

two actions, H and 7', and principals’ payoffs are listed as follows.

H T
H|1,-1]-1,1
T|-1,11,-1

All agents are indifferent among all action profiles.

Following Yamashita (2010), Szentes (2009) focuses on pure strategies. The min max
value of each principal’s payoffs is 1, whereas the max min value is —1. For instance, (T, H)
induces the max min value for principal 1 (i.e., the row player). By Yamashita (2010), (T, H)
can be induced by an equilibrium. Specifically, on the equilibrium path, each principal j
offers the delegated contract ¢; : {H,T} x {H} x {H} — {H,T} with

¢;(HH H)=Handc¢; (T.H H)="T.

That is, principals invite agent 1 only to vote regarding "H vs T,"' and principals follow
agent 1’s recommendation. Upon receiving such a contract profile on the equilibrium path,

agent 1 votes T and H for principals 1 and 2, respectively, which induces (7', H).

To show this is an equilibrium, consider principal 1’s deviation to a delegated contract,'!
and let m denote a message profile that induces an action y; € {H,T}. Given this unilateral
deviation, it is a continuation equilibrium that the agents send m to principal 1 and agent
1 recommends y, € {H,T}\ {y1} to principal 2, because agents are indifferent among all
action profiles. This still induces the max min value for principal 1, i.e., not a profitable

deviation for principal 1.

However, Szentes (2009) doubts the legitimacy of (7, H) being an equilibrium out-
come. Szentes (2009) argues that, in any reasonable equilibrium, every principal must

achieve at least her min max value, because she can always opt out of this contract game

10The message sets for agents 2 and 3 are degenerate (i.e., [{ H}| = 1), and their votes are not informative.
HPrincipal 2 achieves the maximal payoff under (T, H), i.e., her incentive compatibility holds.
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and achieves her min max value in the ensuing equilibrium.'? Furthermore, Szentes (2009)
argues that principals should offer non-delegated contracts, and proves that each principal

indeed achieves at least her min max value under non-delegated contracts.

Though there are multiple agents in the example above, the same logic still applies if
we delete agents 2 and 3 from the example. Therefore, Szentes’ critique also applies to the

common-agency model.

The common assumption in Yamashita (2010) and Peters (2001) is: principals are
not allowed to offer non-delegated contracts, whereas, Szentes’ critique is: if principals’
equilibrium payoffs increase by offering non-delegated contracts, there is no reason to forbid
them.

One argument against Szentes’ critique is that Szentes’ example does not work if we
allow for mixed-strategies, which would make the min max value be equal to the max min
value. Given mixed-strategies, though Szentes’ example fails, Szentes’ point remains valid for
common-agency models, which is supported by the example in Section 4.2.1. In this example,
there is an equilibrium under non-delegated contracts, which strictly Pareto dominates any

mixed-strategy equilibrium under delegated contracts.

3 Preliminaries

3.1 Primitives

A single agent privately observes her type 6§ € ©, which is drawn from a common prior
p € A(©) with full support. Let J = {1,...,J} be the set of principals, with J > 2.
Each principal j takes an action y; € Y;. Let Y = x;csY;. Principal j’s utility function is
vj 1 Y x © — R. The agent’s utility function is u : Y x © — R. We assume |Y X O < oo.
For each j € J, principal j’s contract is a function ¢; : M ;4 — A;, where M]A is an

infinite set of messages that the agent can send to principal j and

delegated __ non—delegated __ ;
At = {Ly;} g € Vi), A gated = 2\ {@},

Aj e {A?elegated7 A;wn—delegated} )

M;“ can be very general and we do not impose any other restriction on it. Let M# =

12See more discussions in Peters (2014).



Xpeg Mt and M4 = Xper (p MPP I A; = A}iel@gat@d, principal j delegates her action

to the agent, i.e., the agent’s message fully determines j’s action. If A; = A;wn*delegmd

principal j has to strategically choose an action in c;(m;) € 2¥\ {@} after receiving a
message m;. Define A = X7 A and A_j = Xpe (j3 Ak Let C'J“-4 = (Aj)MJ'A be the set of

all possible contracts available to principal j, C* = X 7O and C’fj = Xpe j\{j}C’,;“.

3.2 A generic game

We will consider different contract spaces (and message spaces). Principals and the agent

will play a generic game under different contract spaces, which is defined as follow.

For each j € J, let M; be a generic set of messages that the agent may send to
principal j, and a contract of principal j is ¢; : M; — A;. Thus, C; = (Aj)M' is a generic
contract space for principal j, which may represent a different contract space (e.g., CJP , C']R,
CJF defined later), besides C’JA in Section 3.1. Denote C' = Xyc7Cr and M = Xy g7 M.

Throughout this subsection, we fix a generic profile (M, C') to define a generic game.

3.2.1 Models and timeline

When principal j chooses her action in the set ¢; (m;), her decision depends not only on the
message she receives (i.e., m;), but also on what she observes regarding the contracts offered

by the other principals and the messages that the agent sends to all principals.

Let I' = [Fk O — 20] re denote a potential announcement structure. We focus on

two structures: (1) public announcement (denoted by I'Public = (Fi“blic> ) with

keg
qublic (cryci) = {(cr,c—p)}, VE € T, ¥ (e, c_p) € C, (1)
and (2) private announcement (denoted by ['P"vate —= (Fﬁmate) pe) With
Firivate (Cka ka) = {Ck} X ka, Yk € j, V(Ck, ka) eC. (2)

Le., principals observe all of the contracts offered under public announcement, whereas,

under private announcement, each principal knows only her own contract.

delegated non—delegated . . L. . .
13We assume M4 = MA =MA " and we use the superscript A simply to distinguish it

from M and M, which will be defined later.



Similarly, let ¥ = [\Ifk : M — 2M ] e denote a communication structure. We focus on

two structures: (1) public communication (denoted by WPublic = <\I/§“b“c>k ) with
eJ

\I/ZUWC (mka m,k) — {(mk; mfk)}7 Yk € j, V(mk,m,k) € M, (3)
and (2) private communication (denoted by Wrrvate — (q’zmmta)ke J) with
\Dzm‘vate (mk; m—k) — {mk:} X M_,, Vk € J, V(mk, m_k;) e M. (4)

I.e., under public communication, all principals observe all messages, whereas, under private

communication, each principal observes only the message she receives.

Thus, a model is characterized by a tuple (A, ', ¥), where

A c {Adelegated, An(m—delegated} 7 e {Fpriv(zte7 Fpublic} 7 = {\ijm'vate’ \ijublic} )
Given a model (A, T', ¥), the game proceeds according to the following timeline.

1. Before the game starts, Nature draws the agent’s type according to the common prior

p € A(©) and the realized type is the agent’s private information;

2. At Stage 1, each principal j € J simultaneously offers a contract ¢; € C; to the agent.
The agent observes ¢ = (c¢y,...,cy), whereas each principal j € J knows that only a

contract profile in I'; (¢) is possibly chosen by the principals.

3. At Stage 2, the agent sends messages m = (myq,...,my) € M, one for each principal.
Each principal j € J knows that only a message profile in W¥; (m) is possibly sent by
the agent to the principals;

4. At Stage 3, each principal j € J simultaneously chooses an action in ¢;(m;);

5. Finally, payoffs are realized.

In the model of Peters (2001), the agent also chooses an effort. For simplicity, we choose
not to include the agent’s effort in our model. Another reason for this modeling choice is
that the menu theorem already fails in such a simple model. In Han and Xiong (2022), we

show how our results can be extended to a model with the agent’s effort.



3.2.2 Strategies

At Stage 1, each principal j chooses ¢; € C;. At Stage 2, the agent chooses a function s = [sy, :
CxO — My|res. Let Sy be the set of all possible s;, : C'x© — M. Denote s = (s1,...,8;) €
S = XpegSk and s_j € S_; = Xpe (j3Sk- Denote s (c,0) = (s1(c,0),...,s;(c,0)) for each
(c,8) € C x ©. At Stage 3, each principal j’s chooses a function ¢; : I'; (C) x ¥; (M) — Y]
such that

ti [0y (cjye—5), Oy (my,m—j)] € cj(my), ¥[(¢cj,c—5), (my,m_;)] € C x M,

and let T be the set of all such functions. Denote T' = (T}), ., and T_; = (Tk)kw\{j}.

Given any (¢, s,t) € C' x S x T, the utility for the agent of type @ is
Ule,s,t,0) =u(ty(T'1(c),V1(s(c,0))),....t;(Ts(c),Vs(s(c,0))),0),

and principal j’s expected utility is

(c,s,t) Zp X v; (t1 (T (¢), V1 (s(c,0))),...,t5(Ly(c), ¥y (s(c,b))),0).

=)
3.2.3 Legitimate beliefs

At Stage 3, principal j must form a belief on (C' x M x ©) conditional on I'; (¢) she observes
at Stage 1 and W; (m) she observes at Stage 2. It is described by a function b, : I'; (C') x
U, (M) - A(C x M x ©). Given belief b;, principal j’s expected utility conditional on
(aj, ;) €T;(C) x ¥; (M) is

V; (tj,t-jlaj, B;,bj) = / vj (t1 (T1 (¢), ¥ (m)),....t; Ly (c), ¥y (m)),0)d(c,m,0).

bj (.8;)

For each principal j’s belief, we apply Bayes’ rule if and only if she cannot confirm

that the other players have deviated from an equilibrium. Given (¢, s) being played in an

10



equilibrium, define BJ(.C’ *) as the set of principal j* valid beliefs. For every j € J,

(

bj : T (C) x U; (M) — A(C x M x ©) such that
b [T (), U; (m)] (T () x ¥; (m) x©) =1,V (d,m) e C x M,

B = v, € Cy, VO € 6,
set Bj =V, (5 (C;'; C—j79)) , and we have
b [T (cjc—y) . B;] (chyeey, s(cheey,0), 0) = p(6)

First,
by [0 (), (m)] (T (¢) x W (m) x ©) =1, ¥ (d,m) € C'x M (6)
in (5) is the classic perfect recall condition. For instance, given perfect announcement, if

principal j observes ¢ € C' at Stage 1, j must believe in ¢ with probability 1 at Stage 3

(even on off-equilibrium paths)."

Second, we will adopt the solution concept of (weak) Perfect Bayesian equilibrium,
and hence, players will use Bayes’ rule to update their beliefs whenever possible. As usual,
when one principal deviates unilaterally, she assumes that the other players follows the
equilibrium strategy profile. This is rigorously described in the set B](.C’ ) in (5). Specifically,
BJ(-C’ *) contains any belief function b; which satisfies the following condition. Given (c, s)
being played in an equilibrium, suppose principal j unilaterally deviates to ¢; € Cj. 1If j
observes I'; (¢, c_;) (i.e., j cannot confirm that principals —j have deviated from (¢, s)) and
observes f; = \; (s (c},c_j,ﬁ)) for some § € O (i.e., j cannot confirm that agents have
deviated from (c, s)), principal j believes that principals —j have offered c_;, and the agent

has followed s. As a result, the following set contains all possible states,
{0 eo: B, =Y (s (c;,c_j,Ql))} ,

and by Bayes’ rule, j’s updated belief is

/ / / 0
bj [Fj (Cjacfj)a ﬂj] (Cj,ij, S (Cjacfjae), 9) — p( ) ‘

Z p (9//)

0”6{9'6@: B;=9; (s(c},c_jﬁ’))}

If principal j can confirm that either principals —j or the agent have deviated from
(¢,s), we impose no requirement on b; € BJ(-C’ s), because this happens with probability 0 in

an equilibrium, and Bayes rule does not apply.

11f we do not impose the perfect recall condition, our results and proofs remain true.
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3.2.4 Perfect Bayesian equilibrium

For simplicity, we adopt the solution concept of pure-strategy perfect Bayesian equilibrium.
For simplicity, we just call it an equilibrium. Our results can be extended to mixed-strategy
equilibria (See Han and Xiong (2022)).

Definition 1 Given (C, M) in a model (A, T, ¥), (¢,s,t) € C x S x T is a C-equilibrium
of
(k) ey € e B,

such that (i) for every j € J,
Vi((ejre—y) 1 5.t) = Vi ((cf,e5) ,5.t) . Ve € C,
and (ii) for every 6 € O,
U(d,s,t,0)>U(d,s,t,0),VieT,V(,s)eCxS,
and (iii) for every j € J,
Vi (tj: tslag, B, 05) 2 Vi (5.t glay, B5,05) , V5 € Ty, ¥ (@, 85) €T (C) x W5 (M)

Let EA T 0-C denote the set of C-equilibria in the model (A, T, ).

3.2.5 Allocation

Let Z = Xgeg [Zk : © — Y}] denote the set of allocations. Given any (c,s,t) € C x S x T,
define 2(>%% : ©@ — Y as

202 (0) = |27 (0)]

i.e., (> is the allocation induced by (c, s,t). Define

ver [ty (cks sk (¢, 0))]pesr» VO € O,

E(A, T, ¥)-

Z ‘= {z(c’s’t) €Z:(c,s,t) € EATD ‘I’>‘C}, (7)

ie., ZEW T g the set of all C-equilibrium allocations in the model (A, T, ¥).

3.3 The primitive contract space and the goal

The primitive contract space is C* in Section 3.1, and our goal is a simple full characterization
A

of ZE4 TN Given A = Adelegated the menu theorem in Peters (2001) has achieved this

goal, which will be reviewed in Section 4.1. Thus, given A = Anon—delegated

a simple full characterization of Z€"™ " " for each model (A, T, ).

, we aim to provide
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4 The menu theorem in Peters (2001)

4.1 The menu theorem for delegated contracts

The menu theorem in Peters (2001) is established under delegated contracts, i.e., A =

Adelegated = A menu contract introduced in Peters (2001) is a function, ¢; : E; — Y;, with
E; € 2N\ {2} and ¢; (y;) = y;, Vy; € Ej.

Let CT denote the set of all menu contracts for principal j, C¥ = Xy C{, and CF; =
Xk (i}CF - Let M =Y} denote the set of messages used in all possible menus, M* =

XkEJM]f7 and ij = Xkej\{j}M]f-

Theorem 1 (The menu Theorem, Peters (2001)) We have

<‘Adelegated7 r, W)_cAdelegated <Adelegated’ r, \If>-CP

Z&' — Zc‘,' ; v <1—\’ \I/> c {]_—\pm'vate’ Fpublic} % {\ijrivate’ \ijublic} )

(8)

With delegated contracts (i.e., A = A%!9ed)  the announcement and communication

structures do not have impact on equilibiria'®.

The implication of Theorem 1 is that, given delegated contracts, it suffers no loss of
generality for principals to offer menus both on and off the equilibrium path. Since CF
is a much simpler set than C“, this result substantially simplifies the characterization of

equilibrium allocations.

4.2 Failure of the menu theorem for non-delegated contracts

(8) in Theorem 1 can be dissected into two parts:

delegated
_cAeed

o 7¢

delegated
_cAYEed

<Adelegated7 r, q,> <Adelegatcd’ r, \I/>—CP <~Adelegmted7 r, ‘I’> <Adelcgated’ r, \I/>—CP

7€ and Z¢ c z¢

Does the menu theorem extends to non-delegated contracts, i.e., do the following hold?

15 Different announcement and communication structures lead to different information for principals only
after they offer their contracts. With delegated contracts, principals do not make any strategic decision
after offerring their contracts, and hence, the information (induced by different the announcement and

communication structures) is irrelevant.
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C_Anonfdelegated

<Anon7d5legated’ r, \II>» <Anon7delegated’ r, \II>—CP

A DIVAL : (9)

(10)

‘Anonfdelegated

<Anon—dclegatcd’ r, \I/>»C <~Anon—delﬁgated7 r, \I/>—CP

VA c z¢

Let us modify the example in Section 2 by deleting agents 2 and 3. In this examples,
principals offers menu contracts to agent 1, and for the equilibrium described in Section 2
(i.e. (T, H)), principal 1 achieves the max min value. However, it is straightforward to see
that, in any equilibrium with non-delegated contracts, principal 1 must achieve at least her
min max value. This shows failure of (9) regardless of (I', V).

<Anon—delegated7 r, ‘IJ>-CP
If (10) holds, we still have a weak sense of the menu theorem: Z¢
<Ann'n,—delegated r \I}>70Anon7delegat8d

serves as a superset of Z¢ With ([private  pprivate) = e will

prove (10) in Section 6 (i.e., Theorem 4).

In this section, we focus on <Fp“blic, \I/p“blic> and <Fp“b“0, \I/p””“te>, and we use examples
to show failure of (10) in Sections 4.2.1 and 4.2.2, respectively. The example in Section 7.1

implies failure of (10) under (TPrivate  grublic) 16

4.2.1 Public announcement and public communication

Given public announcement and public communication, consider the following example.
O = {01704} ) \7 - {jl?j?}a }/}1 - Y}z = {1727?)’4} .

The common prior is p (81) =p (84) = 1/2. The preference is defined as follows.

(

8, if (ijyjz) = (17 1)?
Vs, [(yjlv yjz) 791] = Uj, [(yj17yj2) 761} = 17 if (yjuij) 7é (17 1) and (yjl + yj2) is even,
if (y;, + vj,) is odd,

8, if (yju j ) = (474)7
Ujy [(ij ng) 794] = Uy, [(yjnyjz) 794} - 1: if (y]17yj2) (4 4) and (yjl + yjz) is even,
if (y;, + vj,) is odd,

lf y]17yj2) = (174)>

otherwise.

U [(yju yjz) ) 01] [(yh ) yjz (11)

16The example in Section 7.1 shows a stronger point.

14



For each j € J, fix any two distinct messages, m} and m?

c* MA — 2% as follows.

i ;> and define a contract,

i
{1,2}, if m; =mj,
C; (mj) = {374}7 if m; = m?)

{3,4}, otherwise

Consider the following equilibrium.

rincipal j; offers ¢ ,
on the equilibrium path: P bat 1 1

principal j offers ¢},

at state 0 : the agent sends m! to j; and m! to j
on the equilibrium path: 8 n O IS
at state 0 : the agent sends m?l to 71 and m;g to Ja,
the principals chooses (1,1), upon receiving (m;l, m}z) ,

on the equilibrium path:

the principals chooses (4,4), upon receiving (mj ,m3,).

On the equilibrium path, the induced outcome is (1, 1) at state 0* and (4,4) at state 6%, i.e.,
principals achieve their maximal utility at both states, and hence their incentive compatibility
at Stage 1 holds. To sustain this as an equilibrium, the agent and principals take the following

(behavior) strategies at Stages 2 and 3.

At Stage 2, the agent takes s = [s; : C* x © — M{|jcs such that

e if 3m € M such that e (m) = {1} x {4} , V¥ (c,0) € C* x ©;

1,4 :
(mjl , mjz), otherwise.

(12)

At Stage 3, j; takes t;, : C* x M4 — Y}, and j, takes t;, : C* x M* — Y}, such that

c(m)={1} x {4} = t;, (¢,m) =1 and t;, (c,m) =4, (13)
and
c(m) # {1} x {4} = [t;, (¢, m) 1, (¢, m)] € arg max Vir [, v32) , 0°] - (14)

(yjl "Yio ) Ec(m)\{(lA)}

Since principals have the same utility, they can coordinate their actions under public an-
nouncement and public communication. At Stage 3, if the agent’s message pins down prin-

cipals’ action profile as (1,4), (13) says that principals would take (1,4), and otherwise,

15



(14) says that principals would believe the state is #' and take an optimal action profile in

c(m)N\A{(1,4)}. As a result, incentive compatibility of principals at Stage 3 holds.

At Stage 2, (12) says that the agent would send a message to pin down {1} x {4}
for principals if such a message exists, and thus achieve his maximal utility. If there is no
message that can pin down {1} x {4} for principals, the agent is indifferent among all of the
messages, because in this case, by (14), principals would choose an action profile different
from (1,4). By (11), the agent is indifferent between any action profiles in Y\ {(1,4)}.
Therefore, incentive compatibility of the agent at Stage 2 holds.

However, the equilibrium allocation described above cannot be replicated by menu
contracts. We prove this by contradiction. Suppose that we can do it. Then, we must get
(1,1) at state #' and get (4,4) at state §*. Thus, both principals’ equilibrium menu contracts
must include both 1 and 4. Then, (1,1) cannot be achieved at state ', because the agent
would deviate to choose 1 from principal j;’s menu and 4 from principal j5’s menu, which

achieves the maximal utility for the agent at state 6'.

4.2.2 public announcement and private communication

In this subsection, we focus on public announcement and private communication with
O = {9}7 j:{jlan}’ }/}1 :Y}z :{Oal}v

i.e., it is a complete-information setup. Principals’ preference are listed as follows.

(i [(Wis ¥32) > 015 3o (W35 ¥32) ,01) 2 | e =0 | g, = 1
Y, =0 0,0 | 8 -8
Y, = 1 0,0 | 1,1

Furthermore,

Ujy [(yjnyjz) 70] - u[<yj17yj2> 7‘9] ) v[(:yjl?ij) 79] S le X sz X ©.

Fix any (m;f, mi ) eM Jﬁ‘ x M ;;‘, and consider the following equilibrium.

on the equilibrium path:

principal j, offers ¢iF : M} — 2% with ¢;F (my,) = {0,1}, Vmy, € M3}

the agent sends m}* to principal j
on the equilibrium path: & n 0P pati ,
the agent sends m7} principal js

16

principal j; offers ¢;* : Mt — 2% with ¢* (my,) = {1}, Vm;, € M3
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rincipal j; chooses 1 from the subset {1
on the equilibrium path: P bal 1 {1}

principal js chooses 1 from the subset {0, 1}

To sustain this as an equilibrium, the agent follows the table below to send messages at

Stage 2, and principals also follow this table to play continuation equilibrium at Stage 3.

Ranking: 1 2 3 4
Sy (M) X ¢ (my,) = {07 > {1} [ {0, 1} x {1} | {1} x {1} | {1} x {0, 1}
continuation equilibrium at Stage 3 (0,1) (0,1) (1,1) (1,1)

vy, =u = 8 8 1 1

5 6 7 8 9
{0,1} x {0, 1} | {0} x {0,1} | {0} x {0} | {1} x {0} | {0,1} x {0}
(0,0) (0,0) (0,0) (1,0) (1,0)

0 0 0 0 0

That is, there are 9 non-empty subsets of Y}, xY},, and for each subset (listed at Row 2) that
is pinned down by the agent’s messages at Stage 3, we let principals play the corresponding
continuation (Nash) equilibrium (listed at Row 3). Row 4 lists the payoffs of these continu-
ation equilibria for the agent and principal j;. Furthermore, row 1 ranks these continuation
equilibria (and the corresponding subsets of Y, x Y),), according to the agent’s payoffs (at

Row 4). Clearly, principals’ incentive compatibility hold at Stage 3.

We say a contract profile (¢, ¢;,) is ranked n-th if and only if n is the smallest integer
such that there exists (m;,,m;,) and ¢;, (mj,) X ¢j, (m;,) is ranked n-th in the table above.
When principals offer a contract profile that is ranked n-th at Stage 1, we let the agent send
messages that induce the n-th ranked subsets of Y;, x Y, at Stage 2. As a result, the agent’s
incentive compatibility holds at Stage 2.

J2’s incentive compatibility also holds because she achieves the maximal utility on the
equilibrium path. Finally, suppose j; unilaterally deviates from the equilibrium. Since js’s
equilibrium contract leads only to {0, 1}, by the table above, the contract profile induced by

J1’s deviation can be ranked only lower, i.e., not a profitable deviation for j;.

However, the equilibrium allocation described above cannot be replicated by menu
contracts. We prove this by contradiction. Suppose that we can use menu contracts to
replicate it. On the equilibrium path, the principals choose (y;, = 1,y;, = 1). Thus, prin-

cipal j»’s equilibrium menu contract must contain 1. Then, principal j; finds it profitable

17



to deviate to the degenerate menu {0}, which would induce the continuation equilibrium

(yj, =0,y;, = 1), i.e., both principal j; and the agent achieve the highest utility, 8.

5 Simpler contract spaces than C4

5.1 [CI Nol ] -equilibrium and the goal

Given A = Aren—delegated e follow the same strategy of Peters (2001) to characterize equi-
librium allocations. That is, we will identify two simple contract spaces, C7 and C', and
prove that it suffers no loss of generality for principals to focus on C! and C*!, one for the
equilibrium path and the other for off-equilibrium paths. Thus, we first define a new notion

of [CI No ]—equilibrium as follows.

Definition 2 Given two generic contract spaces, C1 and C'1, in a model (A, T, U), (c,s,t) €
CxSxTisa [Cl, C’H] -equilibrium if c € CT and (c, s,t) is a a—equilibm'um, where

a = Xkejak = Xkeg ({Ck} U Ol?) .

Let AT WCC] b the set of all [C], C’H} -equilibria in the model (A, T', U), and

I ~IT
Z€<A, T, \I/>’[C e} ] = {Z(Qs,t) c Z . (C7S,t) c E/‘(A, T, \Il>-[CI,CII]} '

AT, 0)-CA — (AT, O)-[CACA]

It is straightforward to see &° Thus, for each model

<A”°”*deleg“ted, I, \I/>, we aim to find the simple contract spaces, C! and C!!, such that

(A, T, )- [cA,cA]

7€ Z5<A, r, qf>-[c’,c”]

We propose such simple contract spaces in Sections 5.2 and 5.3.

5.2 Menu-of-menu-with-recommendation contracts

Given j € J, pick any E; € 2¥1\ {@}, and we say that [E}, y,] is a menu with a recommen-
dation if and only if y; € E;. Define

MJR = {[Ej,yj] 1 E; e 21\ {@} and yj € Ej},

i.e., M is the set of all menus with a recommendation. Let M = X7 M.

18



Definition 3 A menu-of-menu-with-recommendation contract for principal j is a function,
¢j: Kj — 2YiIN\ {@} such that K; € M {2} and ¢ ([Ej,y]) = E;, VE;,y;] € Kj.

When the agent sends a message [E};, y;| € K, the interpretation is that he chooses the
menu of actions F; along with recommending y; to principal j. Nonetheless, this recommen-
dation is not binding, and principal j can still choose any action in F;. For example, suppose
that K; = {[{a,b},a],[{c,d},c],[{e, f.g9}.€el, [{e, f,9}, f]}. Then, a menu-of-menu-with-

recommendation contract ¢; : K; — 2¥7\ {@} has the following property:

Cj ([{CL?b}aa]) = {a7b}7 Cj ([{C, d}vc]) = {Ca d},
¢j (e fogt.el) =cil{e. f.9} . fl={e f.g}-

Let C]R be the set of all possible menu-of-menu-with-recommendation contracts for principal
j, CR = xkeJC,f and szj = injclf.

5.3 Menu-of-menu-with-full-recommendation contracts

We now define another class of contracts. For any E; € 2¥\ {@}, the following is a menu

of E; with full recommendation.

{[Ej, 95l - y5 € Ej}.

For example, with E; = {a, b, c}, a menu of {a,b,c} with full recommendation is
{{a,b,ct,a], [{a,b,¢}, 0], [{a,b,c} ]}

Definition 4 A menu-of-menu-with-full-recommendation contract for principal j is a func-
tion, ¢; : L; U H; — 2¥1\ {@} with

H; ={[E;,y;] : y; € E;} for some E; € 2Yj\{®} ,
L; C 2"\ {E;},

such that

& (EJ,) = EJ,, \VIE; S Lj,

¢; ([Ej,y;]) = E;, V[E;,y;] € H;.
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Let C JF denote the set of all menu-of-menu-with-full-recommendation contracts for prin-
cipal j, C" = X4 sCF, and CF; = X ;3CF. Let M denote the set of all messages that
could possibly be included in the domain of a menu-of-menu-with-full-recommendation con-
tracts for principal j, i.e., M = 2% U M. Let M" = Xy M, and M*; = xpe (3 M.

Let us illustrate the domain of a menu-of-menu-with-full-recommendation contract,
¢j : Ly UH; — 2"\ {@}. The set L; is a (possibly empty) subset of 2¥7, and H; =

{[E;,y;] - y; € E;} is a menu of E; with full recommendation such that E; is non-empty and

E; ¢ L;. For example,

Ly UH; ={{a,b}, {c,d,e}, [{f.9,0}, f], {f.9.h} 9], {f 9,0}, 01},

and we thus have:

Cj ({a7b}) = {avb}7 Cj ({C7 dae}) = {C7 dae}>
CJ([{fagah}7f]) = CJ(Hng?h}’g]):C]([{fag7h}7h]):{fagvh}

The interpretation of c; is: principal j asks the agent to choose a subset in the menu of
menus {{a,b}, {c,d,e}, {f,g,h}}; the agent may choose {a, b}, or {c,d, e}, or {f, g, h}; if
and only if the agent chooses {f, g, h}, the agent must, in addition, recommend an action in

{f,g,h}, ie., f or g or h. Nevertheless, the recommendation is not binding.

Any menu contract (as defined in Section 4.1), e.g., {a,b,c}, can be viewed as a
menu-of-menu-with-full-recommendation contract because we can set L; = {{a},{b}} and
H; = {[{c},c]}. Therefore, C* can be viewed as a strict subset of C*". Furthermore, given
any menu-of-menu-with-full-recommendation contract, ¢; : L; U H; — 2¥\ {@}, since a
recommendation is non-binding, for each D; € L;, we can add an arbitrary recommendation
y; € D;. Thus, any menu-of-menu-with-full-recommendation contract can be viewed as a

menu-of-menu-with-recommendation contract, i.e.,

ct ccrf ccr (15)

6 Full Equilibrium characterization I

Given A = Anron—delegated e focus on three models in this section: (['Private private)
( Dpublic gprivate) and ( [reblic grublic) We consider the model of (TPrivete  grublic) in the

next section because it requires a different full characterization.

In the three models, there is no loss of generality to focus on [C’R, cF ]—equilibria.
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Theorem 2 Suppose A = Amen—delegated e haye

(A, T, qz>-[cA,cA] (A, T, \I/)-[CR,CF]

z¢ = , (16)

\v/<1" \I/> c {<Fprivate \I/private> <Fpublic \ijrivate> <Fpublic \ijublic>}
To prove this theorem, we need two technical results.

Proposition 1 Suppose A = Aner—delegated /e haye

(A, T, q/)-[cA,cA]

e Zg(A, r, \P)-[CR,CA]

)

Y <]_", \:[/> c {<Fp7’ivate’ \I/private> , <Fpubl7ﬁc’ \I]private> ’ <1—\public, \I/public>} )

Proposition 2 Suppose A = Aron—delegated - Ry any [ € {A, P, F, R}. We have

(A, T, \1/>-[c’,cA] (A, T, \P)-[CI,CF]

z¢ = 7¢

)

\vé <1"7 \I/> c {<]_'\p7’ivate7 \Ilprivate> 7 <1—1publi07 \ijrivate> ’ <1—\publz'v:7 \ijublic>} )

Proposition 1 says that it suffers no loss generality for principals to offer contracts in CF
on the equilibrium path, and Proposition 2 says that it suffers no loss generality for principals
to offer contracts in CF' off the equilibrium paths. The proofs of the two propositions are
relegated to Appendix A.2 and A.3.

Proof of Theorem 2. Suppose A = A"on—delegated - Conpsider any
<I“7 ‘I’> c {<Pprivate’ \Ilprivate> 7 <prublic7 \ijrivate> 7 <Fpublic7 \Ilpublic>} .

Proposition 1 implies
(A, T, ¥)-|cA,cA (A, T, )-|cB cA
E [ ] — ZS [ }, (17)
and Proposition 2 implies

(A, T, ©v)-|cR,cA

Finally, (17) and (18) imply (16). B

In the model of (Anon—delegated pprivate yprivate) “the ful] characterization can be sharp-

ened as follows. The proof of Theorem 3 is relegated to Appendix A.4.

Theorem 3 Suppose (A, T, W) = (Anon—delegated - Tprivate - gprivate) e haye

AT qzy[cf‘,cf‘] (A, T, \I/)—[CP,CF]

= 7¢ : (19)
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Three remarks on Theorem 3 are in order. First, given <A"°”’del€9ated, [private \I/p””ate>,
Theorem 3 says that it suffers no loss of generality for principals to offer menu contracts
on the equilibrium path, which sharpens Theorem 2, due to C¥ C C® (in (15)). In this
sense, the menu theorem holds partially (i.e., on the equilibrium path), but the example in
Section 2 shows that it suffers loss of generality for principals to offer menu contracts on
off-equilibrium paths. Second, Theorem 3 applies only to (Amen—delegaied | Tprivate = gyprivate’)
but not to the other three models as shown by the examples in Sections 4.2 and 7.1. Third,

with A = Adelesated  the menu theorem (i.e., Theorem 1) says

Z£<A, r, ‘I/)»[CA,CA] B Z£<A, T, ¥)- [CP,CP]

Y

(A, T, ‘I/)—[CP,CP] ) (A, T, qm[cf‘,cf‘] )
A is both an upper bound and a lower bound for Z¢ . Given

A, T, w[cP,cP

ie.,
<Anon—delegated, Fprivate’ \I]private>, Theorem 4 shows that Z5<
bound, but the example in Section 2 shows that it is no longer a lower bound. This establishes
a second sense that the menu theorem holds partially given <A”°"_delegated, [private \Ilp””“te>.

The proof of Theorem 4 is relegated to Appendix A.5.

remains an upper

Theorem 4 In the model (A, T, U) = (Aren—delegated ' pprivate = gyprivate’ e hape

(A, T, \1/>-[cA,cA] AT, xp>-[cP,cP]

z¢ cZ

7 Full equilibrium Characterization 11

Throughout this section, we focus on ( Amen—delegated pprivate - \ypublich “Theorem 2 shows

(A, T, \I/)—[CA,CA] (A, T, ©)- [CR,CF]

A S (20)

for the other three models. Thus, it is natural to conjecture that (20) still holds under

<A”‘m’deleg“ted, [private. \I/p“b”0>. However, we use an example to disprove this in Section 7.1.
(A, T, wy[cv“,cf‘]

Furthermore, we provide a full characterization of Z¢ in Section 7.2.

7.1 A counterexample
To disprove (20), suppose that
0= {01794} , J = {j1>j2}7 Y}l = Y}z = {17273’4} .
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The common prior is p (91) =p (64) = 1/2. The preference is defined as follows.

(

8, if (yj17yj2) = (L 1)3

Uj [(yju ng) 791] = Uj, [(yjmyjé) >01} = 97 ! (yj17yj2) © {<37 1) ’ (4’ 1)},

L Y2 = Yis otherwise.
(21)
8’ if (yjl ) yjz) = (4, 4),
9, if (yjl,ij) S {(4,1)7(4, 2)}7

Uj, [(ij yjz) 794] = Uj, [(yjuyjz) 764} =

L Y2 = Yis otherwise.
(22)

1L, if (yjnyjz) = (194)§

(23)
0, otherwise

u [(yjlv yj2> 701] . [(ijyjé) ’04] =

For each j € J, fix three distinct messages, mj, m? and mj. Define a contract, ¢; : MA —
2%i.
( .

{1,2}, if m; =mj,

X {3,4}, if m; =m?

j?
{2}, ifm;=m3

R

L {2}, otherwise

Consider the following equilibrium.

rincipal j; offers ¢
on the equilibrium path: p pal i 1o
principal j, offers c;‘fQ,

at state ' : the agent sends m! to j; and m} to jo,
on the equilibrium path: & i O J2 10 J2

at state 6! : the agent sends m? to j; and m?, to j,

rincipals chooses (1, 1), upon receiving (m! , m!),
on the equilibrium path: P P (1,1), up & ( 71 J2)

principals chooses (4,4), upon receiving (m;i, m;é) .

On the equilibrium path, the induced outcome is (1,1) at state #' and (4,4) at state 6°.
To sustain this as an equilibrium, the agent and principals take the following (behavior)

strategies at Stages 2 and 3.
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At stage 2, off the equilibrium path
the agent takes s = [s;, : C* x © — M{|jes such that
Bm € M4 such that ¢ (m) = {1} x {4},
and s (c,0) = (m3,m3)) 7

Y(e.0) € [0 {(6 60} <0

That is, we consider two cases: (1) if there exists m € M such that ¢(m) = {1} x {4}, we

let the agent send m, which achieves the maximal utility for the agent; (2) otherwise, the

cls(c,0)] # {1} x {4} =

agent always sends (m? ,m?). If there exists no m € M4 such that ¢(m) = {1} x {4}, as
will be clear, principals will never play (1,4) at Stage 3, regardless the agent’s messages at

Stage 2. By (23), the agent’s incentive compatibility holds.

At Stage 3, let each principal j adopt the (behavior) strategy
. A A A
tj: CF x M" x M" — Y},

and the corresponding beliefs described as follows. First, fix any j € J, and suppose j

unilaterally deviates to ¢; # ¢, and the agent sends (m] 1,mi) at Stage 2. Then, principal j
cannot confirm deviation from the agent or the other principal. Thus, j must believe that the
other principal offers ¢ ; at Stage 1, and there is equal probability for 6' and 6*. Given ¢* i
the message mzj pins down the action of 2 for principal —j at Stage 3. Thus, let principal

7 take the following action at Stage 3.
1 1
tj [ej, (mj,,mj,)] € arg R (5%‘ (95,95 =2),0'] + 505 [y 95 = 2) 794}) :
yj€cj(m]

Clearly, in this case, principals’ incentive compatibility holds at Stage 3. Furthermore,
by (21) and (22)), such a unilateral deviation would induce a payoff less than 8 (i.e., the

equilibrium payoff) at both states, i.e., this is not a profitable deviation.

Second, consider all of the other off-equilibrium paths. For each j € J and each
y; €Y, let c?j : M ;4 — 2% denote the following degenerate contract.

c]yj (m;) ={y;},Vm; € MJA.

Principal j; takes t;, : C’fl‘ X M;i‘ X M;é — Y, such that

(le7m]17mj2 ¢{(]1am]17m ),(le,mﬂ,m )}7

or (levmjumjz ( j1\{cj1}) {<m31’m )}

tjl (cj17mj17mj2) = max Cj (mJI) E
a]
C

= j1 believes |6 = 0" and c;, =

with probability 1
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and Principal j, takes j, : C’;;‘ x M ]ff x M ;;‘ — Y}, such that

tj2 (Cj27 mj1>mj2) = min Cis (mj2) = g:
(Cj27 mjnmjz) @é {(6;2’ m}ﬁm}z) ) (C;fz’ m?l’ m;lz)} )

or (Cj27mj17mj2) ¢ (Cﬁ\{c;l}) X {(mil’mi)}

SUey

1

= J2 believes [«9 =6"and ¢j, =
with probability 1
It is easy to check that principals’ incentive compatibility at Stage 3 holds.

However, this equilibrium allocation cannot be replicated as an equilibrium allocation
in the [C’R, cr ] game. We prove by contradiction. Suppose we can achieve the allocation
with a [C®, CF]-equilibrium. Let us focus on the equilibrium path. At State 6", the agent
chooses Efll for 7; and Ef; for jo, and at State #*, the agent chooses Eff for j; and Ef; for
j2. Since it implements (1,1) at #' and (4,4) at 6*, we have

0 0*
le Ej and4 € £, .

At state 8', on the equilibrium path, principal j; expects that j, would choose 1 at Stage 3.
By the preference of j; (i.e., (21)), we have

(3,4} NEL = 2.
Similarly, at state 6*, on the equilibrium path, principal j, expects that j; would choose 4
at Stage 3. By the preference of j; (i.e., (22)), we have

(1,2} nES = 2.
That is,

1€ B c{1,2} and4 e EY C {3,4}.

J1?
for the principals. Upon observing this, the dominant strategy for principal j; is to choose

Then, at State 6" (also at %), the agent finds it profitable to deviate to choose <EQ1 Ef;)

1 and the dominant strategy for principal j, is to choose 4. That is, the principals chooses

(1,4), which is strictly better than the equilibrium allocation (1, 1) for the agent.

The key point is as follows. When principal j offers a contract in CJA, the other prin-
cipals may not correctly infer the subset of actions available for j conditional on the agent’s
message to j under private announcement and public communication. However, if principal
j is restricted to offer a contract in CJR or C’JF , the agent’s message to j alone fully reveals
the subset of actions available for j under private announcement and public communica-
tion. This can create a profitable deviation for the agent at Stage 2 on the equilibrium path
such that it induces a unique profile of equilibrium action choices by principals at Stage
3, which makes the agent strictly better off, preventing the intended equilibrium allocation

from happening.
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7.2 A full characterization

Nevertheless, the menu-of-menu-with-recommendation theorem can be easily adapted in
<Anon*d€legated, [private, \I/p“b“0>. For each j € 7, let M]R_F be the set of messages that
are used contracts in Cf* U CJ". For each y; € Y}, let ijj ; MJR’F — 21\ {2} denote the

following degenerate contract.
c? (my) ={y;}, Vm; € MJR’F. (24)

Define
ct = xjejC’JF* = Xjeg [C’JFU {c?j y; € Y}

Note that degenerate contracts are designed in a way so that adding such contracts pre-
vents principals from correctly inferring the subset of actions available for each principal j

conditional on the agent’s message to j.

Theorem 5 Given (A, I', W) = (Anon—delegated pprivate - gpublic’h "¢ hape

(A, T, qf)r[cA,cA]

Z¢ = 7Z¢

(A, T, \I/)—[CR,CF*]

The proof of Theorem 5 is relegated to Han and Xiong (2022).

8 Common agency with imperfect commitment

In this section, we adapt our model to describe imperfect commitment o la Bester and
Strausz (2000, 2001, 2007). In order to achieve this, we just need to make three changes
to the model in Section 3. First, for each j € J, assume Y; = Y;-l X Yf. Second, for each
J € J, there is an exogenous function ¢; : le — 2Ya'2\ {@}. Third, a contract of principal
Jjiscj: ]\4;4 — le. Let 6’;4 = (Y;-l)M;4 denote j’s contract space, and CA = (éjA> .
In this game, we follow the same timeline in Section 3.2.1: each principal j simultaneo{fs{y
offers c; € 5]“4 at Stage 1; the agent sends m; € M ;4 to each principal j at Stage 2, which
pins down the action ¢; (m;) € Y;' and the subset ¢, [¢; (m;)] € 2Y7\_{@} for principal j; at

Stage 3, each principal j simultaneously takes an action (cj (my), y]2~ € ¢, le (m])])

In fact, the model in Section 3 can be viewed as a special case of the model with imper-
fect commitment. Though Y in our model in Section 3 may not be directly decomposed to

contractible and non-contractible components, we can define a new action space for principal
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7 as follows.
v1_ oY V2 _ V. V. — vy V2
V! =2\ {2}, V2=V, T, = V) x V2,

05 (1) = j» Vy; €Y}

Thus, the common-agency-with-imperfect-commitment model'” with (373, %) is equiva-
jeg
lent to the model in Section 3.'®

Theorem 2 can be easily extended to a common-agency-with-imperfect-commitment
model with (Y; =Y} x Y2, gzﬁj)jej. Consider Z; = {(y},y7) :y} € Y} and y7 € ¢, (v}) }-
In this setup, a menu-of-menu-with-recommendation contract is represented by a non-empty
subset F; € 2%\ {@}, or more precisely, the contract, ¢; : F; — le such that c; (yjl, yf) =
yj. The interpretation is that, the message (y;,y7) pins down y} € Y} and ¢, (y}) C Y7,
and the agent recommends yj2 € ¢, (y]l) for Stage 3. Let QR denote the set of j’s menu-of-

menu-with recommendation contracts, and Cf = (C’f) .
JjeJ

Furthermore, consider ¥; = {{(y}.43) 13 € ¢; (v})} : v} € Y}'}. A menu-of-menu-
with-full-recommendation contract is represented by a subset L, € 2Y7 and an element

H; € 3;, or more precisely, the contract, ¢; : L; U H; — Y;.l such that
¢ (vj) = vj, Yyj € Ly and ¢; (y;.4}) =, ¥ (v, 9}) € H;.

Let G’JF denote the set of j’s menu-of-menu-with-full-recommendation contracts, and CF =

17In this model, principals’ and the agent’s utility depends only on ()7]2> but not on (}N/Jl) .
jET JET

180ne superficial difference between the model in Section 3 and the model with imperfect commitment
is that the degree of principals’ commitment is endogenous in the former, but seems exogenous in the latter
(as described by the exogenous ¢j). In fact, ¢; can accommodate endogenous commitment. To see this, take
Y, = le X Yj2 as principal j’s underlying action space. Conditional on choosing yjl-, let F; (yjl) C QYJ?\ {o}
denote the set of subsets of Yf to which principal j can commit for Stage 3. If F ; (yjl) = 2YJ'2\ {@} for every
yjl € le, principal j’s commitment is fully endogenous, and if ‘F j (y]l)’ =1 for every yjl- € le, principal j’s
commitment is fully exogenous. ¢; can describe any /; by changing the action space as follows.

V9 ={(y),P}):yj Y] and P} e £, (y))}, ¥, = V] x YV},

gj (yjl"sz) :sz’v(yjl"sz) 6}A/jl'

Thus, by picking different f ;, the common-agency-with-imperect-commitment model with (EAG, aj) 5 can
JjE
describe fully exogenous commitment, or fully endogenous commitment, or any intermediate ones.
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(@F ) . Then, following a similar argument, it is straightforward to prove
JjeT

(A, T, \Iz)-[éA,C*A]

A =7°¢

(A, T, w)»[éR,éF]

Y

Y <F’ \If> c {<Fprivate’ \I,private> 7 <Fpublic7 \ijrivate> 7 <1-1public7 \ijublic>} )

9 Conclusion

The revelation principle is a pillar in mechanism design, and a fundamental question is: what
are the indispensable assumptions on which the revelation principle hinges? This classical
question has been answered by various papers, e.g., Myerson (1979), McAfee (1993), Bester
and Strausz (2001), Pavan, Segal, and Toikka (2014), Doval and Skreta (2021).

In common-agency models, the menu theorem is the counterpart of the revelation
principle. What are the indispensable assumptions on which the menu theorem hinges? To
the best of our knowledge, this paper is the first one to study this question. Not only do we
identify two indispensable assumptions (i.e., delegated contracts and perfect commitment),

we also show how the menu theorem should be modified when such assumptions fail.

A Proofs

A.1 Extended contracts

For each j € J, we say a contract ¢j : M} — 2%\ {@} is an extension of another ¢/ :
M} — 2%\ {2} (denoted by ¢; > ¢]) if and only if there exists a surjective function
tj » Mj — M} such that
c; (m;) = ¢j (1 (my)), Ym; € M,
Based on ">." we define two binary relations. First, for any 1,11 € {A, P, F, R}, define
. 1 11
VjeJ,vel ey,

/ I /!
i, € C, ¢ > ]

cl 7ol —

Clearly, C4 =% CF 3* CF 3* C*. Second, for any I,II € {A, P, F, R}, define

VjeJ,ve e,

/! 17 /!
ElchCj , C; 2 ¢

OI :l** CII s

28



Clearly, C* =** CF and O 3** CF, but "C! 3** C'" fails for each I € {A, F, R}.

Lemma 1 For any [,11,I11 € {A, P, F, F*, R}, we have

(A, T, qm[cﬁc”] AT wy[cf”,c”]

ct ool —= z¢ > Z ;

V<I‘7 \I}> c {Fprivate’ Fpublic} « {\I,pri'uate’ \ijublic} ]

Lemma 2 For any [,11,IV € {A, P, F, R}, we have

(A, T, \p>-[cf,cU] (A, T, \I/)-[CI,CIV]

CII :I** CIV —_— ZS B ZS ;

Y <F, \I;> c {<Fprivate’ \I]private> , <Fpublic’ \ijrivate> ’ <Fpublic, \I}public>} )

A.1.1 Proof of Lemma 1

Fix any I,II,111 € {A,P,F,R}. Let M, Ml and M denote the message spaces for

) 6 8<‘A’ F, \I’>—[CIII,CII]

C!, C and CHI| respectively. Fix any (c, s, t . We aim to construct a

[CT, C™]-equilibrium that induces the allocation z(**!).

Since C!' 7% C1 | there exits ¢(>*) € C! such that cg-c’s’t) > ¢; for every j € J, and as

a result, there exists a surjective function ¢; : M — M such that
clest) (m;) = ¢; (1; (m;)), Ym; € M}
i j 3\ 1)) s j e

We will replicate (c,s,t) with (c(@5t) slest) glesh) ¢ gA T W [Ch el i steps. First,

with abuse of notation, let ;' : MJT — M denote any injective function such that

A (1 (my)) = ¢ (my) , ¥my € ML, (25)

J J

—_—

Consider the contract cg-c’s’t) ot (M) — 2%\ {@} with the restricted domain ¢; ' (M)

—

c,s,t c,s,t —
c§- ) (mj) = cg. ) (m;), Vm; € ;! (MjHI) ,

which, together with (25), implies
Tesd) _
A (my) = ¢; (1 (my)) , ¥my € o (M),

or equivalently, cﬁc’s’t) (¢ (my)) = ¢; (my) , ¥Ym; € M,

—

That is, each cgc’s’t) is the same as c;, where each message m; € M/ for the latter is

—

translated to ;' (m;) € ;' (M!!T) for the former. Denote c(e5t) = (cg-c’s’t)) . We will
JjET
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construct an equilibrium (c(c’s’t), slesit) t(cv"”t)). However, c(st) ¢ C1 and in the second step

below, we extend (@,s(c’s’t),z@> to (clest) slest) glest)) ¢ gA T w)-[cr.oM]

Replicating s with s(©5?):
For each j € J, define the bijection, n; : {cgc’s’t)} UCH — {¢;} U C]" as follows.

—

) ey (esit),
cj, ity =c;7;

d;, ifcdje C’]U\{cgcs )},

i.e., we identify cgc’s’t) with ¢;. Define

-1 oy (esd,

S(C’s’t) ((C/) 9) _ tj (Sj [(nk (C;c))kejv ‘9})7 if C;’ = ¢ ) -

J k k€J7 - 4 / 0 .f / CII (c,s’t)
Sj [(nk (Ck))kej7 }7 1 Cj € 7 \ Cj .

That is, sg-c’s’t) replicates s;: the agent identifies (c},), ., with (1 (c})),c7» and follow s; to

send the message s; [(; (c}))

keJg

9] when ¢} € C]U AN {c§ ’s’t)}; the message is re-labeled

to [’j_l (Sj [(Uk (e s 9]) when ¢ = Cg'c’syt)'

Replicating ¢t with #(e:s:);

(e)

For each (c}),., and each j € J, define &; */*<7 : MJ U MT — MU M]":

—

Lj (mj) lf C‘Ij = C§C,S,t);

5(02);@ ( L
’ m; if ¢ € CJI\ {cg-c’s’t)} .

mj) =
That is, fgck)k“ (m;) re-label m; if and only if ¢; = c§c’5’t). Denote f(c;v)kw = <§§ck)k€‘7> .
JjeJ

For each j € J, define

—

(0 (Eheg) W5 m) =t (T3 (00 (Dpeg) - ¥ (€ Hrer (m)) )

ie., t§c’5’t) replicates t; subject to re-labeling of the messages (by fj(-ck)kej ).

Clearly, (c(c’s’t),s(c’svt),t(c’s’t)) is the "same" as (c,s,t) subject to re-labeling of the
messages. Similarly, we can transform the principals’ beliefs at Stage 3 for (¢, s,t) to their
beliefs, denoted by b(est), for (c(’%syt), S(C’S’t),t(cﬁsvt)) subject to re-labeling of the messages.
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Therefore, (C(C’S’t), slest), t(c’s’t)> is an equilibrium. The only problem is c(¢s#) ¢ C?. We now
extend (C(/g\m’s(c,s,t)7@> to (cles), e glesi)) g gAT w)-[oron]

EXteIldiIlg (t(c,s,t)) b(c,s,t)) to (t(c,s,t)’ b(c,s,t)):

For each j € 7, define ¢; : ({cg»c’s’t)} U C]U> — ({cg-c’s’t)} U C]U) as

if ¢ = C(CSt)

c; if ¢ GCH\{ (CSt)}.

( 7

Le., ¢; re-label c; to c; (cot).

) if and only if ¢ = ¢;

/

For each j € J and each (), 7, define wgck)ke:f : M UM — MU M as

m; ifc‘GC'H\{ (CSt},

— . c,s,t
Gy (my)) it ¢ =,

Wa('%)k“ (my) =

That is, ﬂj(»ck)kej (m;) re-labels my; to o' (1; (my)) € ;' (M) if and only if ¢} = c§c’s’t).19

Denote 7(%*icr = (W](ck)kej> . For each j € J, define
jeg

0 (0 (W) B () = 570 (T (2 hheg) 5 (< Dies ().

—

(e,8,t)

(5 yeplicates t;

Le., t; subject to identifying each m; € MjI\Lj_l (Mj[”) with Lj_l (t; (my)).

Similarly, define beliefs as follows.

) (0 (Geeg) 05 0m) =50 (8 (1 (hiey) 05 (7 e () )

Clearly, (@) st (@58 replicates (c(cvsvt), slesit), t(c’s’t)), and principals and the agent

inherit incentive compatibility. Note that, upon receiving c§c’s’t

) from principal j, the agent
does not find it profitable to deviate to sending messages in M ]I \Lj_l (M ]1 i ), because sending
m; € M\t (M) is equivalent to sending ¢} (1; (my;)) € ¢;' (M!'T), which is not a
profitable deviation in the equilibrium (c(cvsvt), s(c’s’t),t(cvsvt)) Finally, all of the argument
above works for any (I, W) € {['private Tpublic} 5 [private  gpublic |, g

(m;) = cgc 1) (Lj (1j (my))) for every m; € Mj, ie., m; and Lj_l (¢j (m;)) pin down the same

(cst)

19 o(e:8:)
%

subset of actions under the contract c;
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A.1.2 Proof of Lemma 2

Fix any I,11,IV € {A,P,F,R}. Let M*, M* and MV denote the message spaces for
CI T and OV, respectively. Fix any (c,s,t) € AT W-[CLCY] We aim to construct a

[CT, C1T]-equilibrium that induces z(¢*.
Since C''f ** C'V, there exists a function ¢; : CJ' — C[V for each j € J such that
/ / / 11
ci =, (), ¥ € O
Thus, for each ¢} € C’]U , there exists a surjective L;j M jH — M ]I V' such that
c.
c; (my) =, (c;) (ij (mj)) , Vm; € MjH.

o —1
As in Appendix A.1.1, let (l/j]) : MV — M" denote any injective function such that
A
c; ((ij) (mj)) =, (c;) (m;), Ym; € MJ-IV.

~ At
Consider the contract ¢ : <Lj]> (M]V) — 2%\ {@} with the restricted domain:
~ 7\ —1
< v
c (mj) = c;. (m;), VYm; € <Lj’) (Mj ) ;
i.e., each cA; is the same as 1); (c;), where each message m; € M jf V for the latter is translated

o —1 o -1 ~ ~
to (L-j> (m;) € (N) (M]V) for the former. Denote ¢ = (c‘) . Define
JjeT

j j j
Clf = {cg NS CJU},V]' € J and O = x;e;,CI.

(A, T, \1/>r[c’,6”]

Clearly, we have Z¢ o Z¢

AT O-CTLCT] Witk some (c, s, ﬂ e &AL \I’>'[CI’6H], which summarizes the re-labeling of

1, w-[clcV] .
, i.e., we can replicate any (c,s,t) €

/

cl. -1
messages (i.e., (Lf) ) as in Appendix A.1.1.

As in Appendix A.1.1, we can extend each cA; € éj T'to c; € C’f . The difference between
~ r\ —1 ~
c; and ¢} is that the agent cannot send messages in M\ (L;J ) (M]V) under ¢, while he

/N —1
can under ¢;. Suppose principal j identify each m; € M\ <L;J> (M]V) with

7N —1 ’ 7\ —1
C. C. c. v
<Lj]> [%‘] (ma‘)] S (%‘J) (M%),
and then replicate 7. Given this, the agent does not have incentive to send any message
o —1 o -1 o
m; € Mj”\ (Lj’) (Mj”/), because sending m; is equivalent to sending (cjj) [ij (mj)] €

<L§9)_1 (M!V). Rigorously,

32



Extending (?, 6) to (t*, b*):

For each j € J, define ¢, : ({¢;}UCH) — ({cj} U 6}1),
cj if ¢ =cy;
& if & e CIN {ej).

For each j € J and each (c},), . ;, define Wj(-ck)’“ej M UMT — M UM
if ¢ = cj;

(Mhcr (my =4 " 0
’ (L;]) [L;j (mj)] if ¢; € CI"™\{¢;}.

T

For each j € J, define
t; (Fj ((C;c)kej) V5 (m)) = 72 (Fj (‘Pk (C;g)kej) ¥ (”(02)“7 (m))) )
b (FJ' ((C;c)kej) ;5 (m)) = bAJ (FJ (SDk (C;c)kej) , 5 (W(C;)kej (m))) .

Therefore, (c,s,1%) € gAT w-[or.er] replicates (c, s,t) € gAT, ‘I’>‘[CI’CW].I

A.2 Proof of Proposition 1

We need the following lemmas to prove Proposition 1, and the proofs are relegated to Ap-
pendix A.2.1 and A.2.2.

Lemma 3 Given <A’ F, \I/> _ <An0n—delegated7 Fpm'vate’ \ijrivate>’ we have

AT wy[cv“,cf‘] (A, T, xp>-[cP,cA]

c z¢

Anon—delegated

Lemma 4 Given A = , we have

grr ot el
Y <F7 \I}) c {<1"public’ \I/private> ’ <1—\public’ \I/public>} '

Proof of Proposition 1. Given A = Amon—delegated Tomma 1 and C4 2* O 3* CF imply

(A, T, \Il)—[CA,CA] (A, T, \I/)—[CR,CA] AT, \I/)—[CPL'A]

Z¢ € S Z ,

D Z
\vd <]_“7 \I;> c {<1"\pm'vate’ \Ilprivate> 7 <1—\public7 \I,p'rivate> 7 <Fpublic7 \I!public>} ,

which, together with Lemmas 3 and 4, implies Proposition 1.1

33



A.2.1 Proof of Lemma 3

Fix <A’ F’ \IJ) — <An0n—delegated’ Fprivate, \ijrivate>. Fix any (C, S,t) c 5<A’ r, \I’)—[CA7CA]' We

aim to replicate (c, s,t) with a [CP , C’A] —equilibrium that induces the allocation z(¢5%).

Replicating ¢ with (@5t € C:

On the equilibrium path, for each j € J, offering ¢; is equivalent to offering the menu

contract, cg-c’s’t) : M;C’S’t) — 2YIN\ {2} with

M = {8 [ (5. 5)) 5 (s (e ¢5) .0))] = (5,6) € C4 x O},
A (u) = yy. Yy € M.
Given ((c;, ;) ,0) € C*x 6, if all players follow (s, t), the subset E; = ¢; [s; ((c;, ;) ,6)]

is pinned down for j at Stage 2, and j takes the action y; = t; [F ((cj, )) ( ((cj, ) ))}
at Stage 3. M;c’s’t) is the set of all such y; =t; [I'; ((¢;, c’_j)) U5 (s ((¢, c_j) ,0))].

In the [C’A,CA] -game, C* and M# are the contract space and the message space,
respectively. Define ¢(>*?) = (c,(f’s’t)) € CF and let
keJ

C = XkeJOk—XkeJ({ (CSt}UCk)

M = xpey My = Xpes (M,gw@ U M,;“)

denote the relevant contract space and message space in the [C’P , CA} -game.

Replicating s = (si),c, with s = <SI(CC7S,t)> :
keJ

When the agent observes c,(:’s’t) in the [C*,C“]-game, he interprets it as ¢ in the

[CA C’A} ame, due to the replication process above. Also, when the agent observes ¢ € CA
in the [C’P,C’A} -game, he interprets it as ¢; € CJA in the [C’A,C’A] -game. To record this

interpretation, define ; : @- — C]A for each j € J as
cj, ifc; = cg.c’s’t);

/\‘ . /\‘ A
cj, ifc; € CF,

7, (¢5)

and denote 7 (¢) = ([v;, (Gi)]yes) € CA for all €= (i), s € C.

cst —

For the agent’s strategy in the [C’P C’A] -game, we replicate s = (s3),;, with s( =
< () ) defined as follows. For each j € J and each (¢,0) € C x ©,

(e:5.t) si [y (@), 6], if & € O
SjH <C’0): - o~ (cst)
ti (L (v(©),¥;[s(v(e),0)]), ife;=c;
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When principals offer ¢ at Stage 1 in the [C’P , C’A} -game, the agent regards it as v (¢) in
the [C4, C4]-game. Given v (¢) in the [C#, C*]-game, the agent sends s; [y (¢), 6] to j
at Stage 2, and at Stage 3, j would choose the action t; (I'; (v (¢)), ¥, [s (v (¢),6)]). Then,
in the [CF, C4]-game, sg»c’s’t) replicates s;: if ¢; € C44, the agent sends s; [y (¢), 0] to j; if

¢ = cﬁc’s’t) € C7F, the agent chooses the action

t; (05 (7(@), 9, [s (v (©),0)]) € L.

Replicating (b;,t;) with (b ) t(“t))

For each j € J, consider
Q; ={Ir; @, %; ()] : € C and in € M},
Q; ={Ir; @, v () € Q;: 7 =},

Q?E{H}@%Qﬂ&“”ﬁﬁb]EQﬁEﬂEqwaﬁ:cg’UmdQGGL
i.e., in the [CP , CA] -game, (); is the set of all possible information that principal j may
observe before j takes an action at Stage 3; ) is the subset of information with which
principal j offers the menu contract cgc’s’t); Q7 is the subset of information with which

principal j offers ¢; € C’;4 and cannot confirm that the other players have deviated.

First, when principal j observes [I'; (¢),¥; (m)] € Q}, we have ¢; = c(CSt)

, which is
a menu contract (i.e., a delegated contract). As a result, j’s decision at Stage 3 is de-
generate and the belief is irrelevant. Second, when principal j observes [I'; (¢), ¥V, (m)] €

Qi (Q; U Q;"*), principal j is on an off-equilibrium path and ¢ € C ;,4, Define

t
b

AMCRADIRERAVCR ARIE
‘c,s,t) [Fg (/C\) 7 \I]j (7/7\1)] = bj [FJ (E) , \Ilj (T/T\l)] )

— S~

<

ie., (b§c’s’t),t§-c’s’t)> copies (bj,t;).

Finally, when principal j observes ¢; = [F <Ej, c(CJS t)> n <S(C’s’t) [(EJ, c(f;-s’t)> ,HD] €

™, l.e., j cannot confirm that the other players have deviated. Define
17 (a) = 6505 G 0-5) 5 (5 (@ ey) 6],
b(CSt) (¢j) H (Ej,c(c” )} x M x @] =1 and

B i 0 €T (0);

7 {[(5457) . 0 (o5 o] o) ,

0 otherwise
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where T (0) = {5 €0:7, (s(c’s’t) [(cj, c(cjs t)) ,5}) =, (s(c’s’t) [(Ej, c(cf’t)> ,9])} :

ie., bg-c’s’t) (g;) believes in (5], C(f}s’t)> with probability 1 and its belief on M x @ is derived
by Bayes’ rule.

It is straightforward to see that (c, s, t) is replicated by (c(=*9), s (©50)) "and all the
players inherit incentive compatibility from (c, s,t), i.e., (c(>*9, s(@s8) ¢lest)) s a [CF, CA]-

equilibrium and z(©%!) = Z(C(C’S’t)’S(c’s’t)’t(c’s’t)) [ |

A.2.2 Proof of Lemma 4

Fix A — Anon—delegated and any <1’\7 \If> c {<Fpublz'c’\11prwate>, <Fpublic, \I/public>}. Fix any
(c,s,t) € AT O[CACY e aim to replicate (c, s,t) with a [CR,C’A] -equilibrium that

induces z(¢5),

Replicating ¢ with (%) ¢ CF:

On the equilibrium path, for each j € J, offering ¢; is equivalent to offering the menu-

of-menu-with-recommendation contract, c(c’s’t M](C’S’t) — Y, with

M = (B = ¢ [s5(,0)], g5 = 4[5 (), W, (s (d,0)]] :

(26)

OB,y = By, V(B y] e M.

Given ((c], . ) 9) € C* x 0, if all players follow (s,t), the subset E; = ¢; [sj ((cj, ch) ,0)}

is fixed for j at Stage 2, and j takes the action y; = t; [F ((c], )) W, (s ( ((Cj,c’_j) ,9))}
at Stage 3. M;C’S’t) is the set of all such profiles. Define ¢(“5t) = ( (c,8,1) )k , € C®, and let
€

C = XkejCk_Xk-ej({ (”t}UCk> and

M = XkeijE Xkeg (Mk(:a&t)UM,f)

denote the relevant contract space and the relevant message space respectively in the [CT, C4]-
g y

game. In the [CA, CA] -game, C* and M are the relevant contract space and message space,

respectively.

' . B . b)) — (e,8,t)
Replicating s = (si)c, With st = <Sk )kej'
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When the agent observes c,(f’s’t) in the [C%, C4]-game, he interprets it as ¢, in the

[C’A, C’A} -game, due to the replication process above. Also, when the agent observes c; € C]A
in the [CR, C’A] -game, he interprets it as ¢; € C’J“-‘l in the [CA,C’A] -game. To record this
interpretation, define ; : @ — C;4 for each j € J as

) (cst)
cj, ife;=c;

7, (¢) = (27)
7 ¢, ite e A
and denote 7 (¢) = ([v;, (Gi)]yes) € CAfor all €= (i), s € C.
For the agent’s strategy in the [C, C4]-game, we replicate s = (s),,c, with 550 =
< () ) defined as follows. For each j € J and all (¢,0) € C x ©,
si[v(c), 0], if ¢; € CF%

(C,S,t) -~ _
Sj (C, 9) = . ~ o~ (c s t)
[Ej =G (Sj [7 (C) ’ 0]) y Y5 = tj (F] (7 (C)) ) \Ijj [S (7 (C) 70)])]5 if ¢ G = C

L.e., when principals offer ¢ in the [C’R C’A] -game, the agent regards it as v (¢) in the
[C’A C4]-game. Given v (¢) in the [C#, C*]-game, the agent sends s; [y (€), ] to j at Stage
2, which pins down the subset ¢; (s; [y (¢), 6]) for j, and j takes the action ¢; (I'; (v (¢)), ¥, [s (v (¢),0)])
at Stage 3. Then, in the [C¥, C4]-game, sg-c’s’t) replicates s;: if ¢; € Cf, the agent sends
(cot) & CJ?, the agent chooses the subset ¢; (s; [y (¢), 6]) with the

N N

recommendation ¢; (I'; (y (c)) U5 s (v(2),0).
Replicating (b;,¢;) with (b ) t(c s, t)>'

sjly (), 0] to j; if ¢; = ¢;

We aim to replicate an equilibrium in the [C’A, C’A} -game with an equilibrium in the
[CF, CA]-game. v = (v,),c; defined in (27) describes how players translate contracts in the
the [CR, CA} -game to contracts in the [C’A, C’A} -game. We still need to define how players
translate messages in the the [C’R, CA] -game to messages in the [C’A, C’A} -game.

By (26), there exists a surjective function (; : C4; x © — M;C’s’t):

G (s 0) = [Ej=c;[55 ((cjscy) 0)] 5wy =15 [T ((c5,c25)) - %5 (s ((e0¢y) . 0))]]

i.e., upon observing ((c], c j) ,0), by following s, the agent’s message would pin down the
subset F; = ¢; |s [ ((cj, 7-) )} C Y; at Stage 2, and by following ¢;, principal j would take
the action y; = t; [I; ((c],c'_j)) U5 (s ((cj,c'_j) ,0))] at Stage 3.— (¢_ i 0) records this
profile, [E;, ;.

Fix any injective Cj_l : M;C’S’t) — C%; x © such that
Cj [Cj_l (mj)] my, Vm; € M(CSt)
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ie., each m; € M;C’s’t) is mapped to some (ch,H) such that ¢ (ch,G) = m,. That is,
upon observing m; € M jgc’s’t) in the [C’R, C’A} -game, principals interpret it as the message

s; [cj,(- (m;)] in the [C4, C4]-game.
Given public announcement, the contract profile offered at Stage 1 will be common
knowledge. Given ¢ € C offered at Stage 1, consider
_ —~ G eCf=m;e M

Mé={mjeM;: (cst)

Cj:J :>m]€M

(o) and M° = (Mje)jej.

e., M¢ is the set of message profiles that could be sent by the agent at Stage 2 in the
[C’R, C’A] -game. Given ¢ € C offered at Stage 1, the function 7¢ = (7’3 : ]\/[c MA)]GJ

describes how the players translate messages in the [C’R, C’A] -game to the messages in the
[C’A, C’A} -game.

m;, lf/C\] < C'A'

Sj (cj,(’*l (mj)), if¢; = c(”t),

,Vjed,

(e,8,t)

i.e., the players re-label m; in the [CR,CA} -game if and only if ¢; = ¢, and when

(c,8,t)

J
¢; = ¢; 7, a message m; in the [C’R,C’A] -game is interpreted as s; (c;,(; ( L m;) ) in the

[C’A, CA} -game.

We are now ready to replicate ¢; with t(c 8,

(0 05 (@), 05 ()] =t [T (v (@) ¥, ()], ¥ (@) € € x M,

i.e., players translate the profile (¢,m) € C x M in the [CT, C4]-game to the profile
(v (@) ,7¢(m)) € C* x M4, and t(-c’s’t) replicates t;.

(e,8,t)

Similarly, we replicate b; with b, subject to the translation of (’y, ) Rigorously,

consider

~

Q; = {[rj (@), 0, ()] :aecandmej\?},

Q= {[Fj (€),¥;(m)]eQ;:c_; = A and i = s [c, 0] for some 0 € @} .

J j
i.e., Q; is the set of all possible information that principal j may observe before j takes an
action at Stage 3; ()} is the subset of information by which j cannot confirm that the other

players have deviated.

When principal j observes ¢; = [Fj <E], c(f’.s’t)> U <3(Cst) [(c], C(C”)> ,9} )] € Q for

J J

38



some 0 € O, j’s belief is induced by Bayes’ rule, i.e.,

0’ se ol
B 0 €T (0);

béc,s,t) (q]) [{ |:(/C\J, C(_c}s,t)) 7 S(c,s,t) |:(/C\j’ c(_c;s,t)> 70/i| 7 01:| }] ,

0 otherwise

where

T 0= (e 0w, (s [(6,¢59) 7)) =, (52 [ (35 0] ).

When principal j observes ¢; = [['; (¢) , ¥; (m)] € Q;\Qj, define

b (g) [{5} x M x @} ~1,

b [0 @),

J

W (m)] [{c} x B x {0'}]
= b [I5(v(@), ¥ (7

(° ()] [{7 (@} x 7 (B) x {0'}] , VE € 2™,

It is straightforward to see that (c, s, t) is replicated by (c(=*!), s t(©50)) "and all the
players inherit incentive compatibility from (c, s, ), i.e., (c*9), st ¢lest)) js a [CF, CA]-

c,s,t c,s,t c,s,t
equilibrium and z(¢*) = Sl st o)

A.3 Proof of Proposition 2

Fix A _ Anon—delegated. Fix any <F, \IJ> c {<Ppm'vate’ \I]private> 7 <1’1public7 \I,pm'vate> ’ <]_'\public’ \I]public>}

(A, T, qm[c’,cf‘] (A, T, \I/)—[CI,CF]

and any I € {A, P, F, R}. Since C* 3** CF, Lemma 2 implies Z¢

We now prove

ZE

Z£<A, r, qz)f[cf,cf‘] C ng, T, \1/>7[cf,cF]

Fix any (c, s,t) € gA T W)-[C1,CA] A, T, W)-[c1,07|

. We will replicate (c, s, t) with some (c,5,7) € gl
such that 2@t — »(e58)

Replicating s = (Sk)kej with 5 = (gk)kEJ:

We replicate s in the [C!, C4]-game with 5 in the [C”, C*]-game. Since s is defined
on ({cx}U C’,;“)kej and s is defined on ({¢;} U CY) ke
({ex} U C,f)kej — ({a} U C’,f)kej, such that, upon observing ¢ € ({¢;} U C,f)kej in the
[C’I, C’F] -game, the agent regards it as v (¢/) in the [CI, C’A} -game, and then, 5 (¢’) mimics
s [y ()]. Thus, for each j € J, consider 7, : {¢;} UCF — {¢;} U C;* such that

we need to define a function v :

75 (¢) = ¢,
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and for each ¢ € C'JF N A¢j}, we define v, (c;) as follows. Since ¢} € CJF , we have a pair of

|:[/,j C 2% and H; = {[E;,y;] : y; € E;}] satisfying Definition 4. Fix any injective function
¢;j L, UH; — M]A, i.e., given ¢ € C’JF, we identify a message m) € L; U Hj in the
[C’I, C’F] -game to the message qb;j (m;) € M;“ in the [C’I, C’“ﬂ -game. With slight abuse of

7N\ —1 o

notation, let <¢jj> : ¢, [Lj U Hj] — Lj U H; denote the inverse function of gb;j, ie.,

c AN c
¢jj |:(¢]J) (mj)} = m;, ij € (bj] [LJ U Hj] .

We thus define ~; (¢}) for each ¢; € CF\ {¢;} as follows.

/

o () ") itmy e 6 v

p otherwise,

A
‘v’ijMj,

i.e., we first embed the message space L; U H; into M]f4 by <b;j ; second, we copy c;- with

Y5 (c;) on the embedded message space; third, all of the other messages in M ;4 are mapped

to Ej. Furthermore, denote v (c') = (74 (¢})) e, and ¢¢ = (b;j Ly UH; — MA

ked
We are now ready to define 5 = (5;),. ;. For each j € J, define
([ 5,(1(),0) if ¢ = ¢
_ / AN . o
5;(d,0) = <¢jj) [s; (v(c),0)] if ¢; # cj and s; (v (), 0) € o7 [L];
([ i =15 (T (7 (€)), 95 (s (v (¢),0)))] - otherwise.

When the agent observes ¢ € ({¢x}UCE), 7
it to v () € ({ck} U C,;“)kej being offered in the [C’I, C’A} -game. Then, 3; (¢, 0) replicates
si(v(c),0): if c; = ¢;, we have 5; (d,0)=s;(v(c),0);if i # cj and s; (v(d),0) € qﬁ? (L],

o -1
5; (c,0) mimics s; (v () ,0) subject to re-labeling of message by <¢j3> ; otherwise, the

in the [CT,C]-game, the agent translates

message s; (7 (), 0) pins down the subset E; at Stage 2 in the [C’I , C’A} -game, and at stage
3, j would take the action t; (I'; (v (), ¥; (s (v (c'),#))), and hence, §; (¢, ) mimics this
by choosing

[Ej, y5 =15 (T (v (), ¥ (s (v (<), 9)))]

in the menu-of-menu-with-full-recommendation contract c;» € CJF .

Replicating (b;, t;) with (b;,%;):
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Given ¢ € {¢;} UCT, let M ;7 denote the domain of ¢. For each j € J, define

¢ = (h)res € Xkes ({ae} UCY)

Qj =@ (), ¥ (m)): = (M) s € Xacy (Mc;€>
= Mk)reg & Xke k

Q" = { (T (<), 0 (5(¢,0))) : Cex’“eg S;’“}UC’J :

ie., in the [C',CT]-game, QF is the set of all possible information that principal j may
observe before j takes an action at Stage 3, and Qf * is the subset of information induced by

the agent following 5 (which replicates s). For each ¢; € QF™, fix any (c¢%,6%) such that
q; = (I (c¢¥), W5 (5(c¥,07))).
For each ¢; € QI\QJ™, fix any (c%,7m) such that
q; = (I (%), ¥; (m)) .
We record this as X; : QF — Q7' such that
[T (v (), W5 (s (y (e®),0%))]  if ¢ € QF;

¥ () = B ’
L[y (c%)], ¥, [fbcqj (W)H it g; € QFNQ™

¢ = () res € Xres ({er} UCH)
m = (Mg)es € Xres <M,:;“>
i.e., principal j’s information at Stage 3, ¢; € Qf , in the [CI .CF } -game is translated to
¥ (g;) € Qf, in the [C, C*]-game. Thus, we define
tj(q5) =15 (35 (q5)) -
Furthermore, b; (¢;) replicates b; (X, (g;)), subject to re-labeling of contracts and messages.

Rigorously, we define the beliefs for (I'Privete yprivaie) - (public private) apnd (Trublic gpublic)

as follows.

where Qf =< (T(),¥;(m)):

Case 1: (Twublic grublicy  Given (TPublic yrublic) - a]] principals observe all contracts and
all messages. Thus, each principal has a degenerate belief on C' x M, and hence, we only

describe the marginal belief on ©. Define

b; (¢;) {(0)}] = b; (%5 (¢;)) [{(0)}],
b; (g;) mimics b; (X (¢;)) on the belief on ©.

41



Case 2: (IPrivete grrivate) - For each j € J and each y; € Y}, let ¢ denote the degenerate
menu contract {y;}, i.e., it is a menu containing only y;. Let mjyj = y; be the unique message

in this contract. Clearly, c?j eClccl.

Given (TPrivate gprivate) “each principal j observes only (c;,m;), and for notational
simplicity, we write t; [}, m}] for t; (I; (¢/) , ¥; (m')). Furthermore, j has a degenerate belief
on C; x Mj, and hence, we describe only the marginal belief on C_; x M_; x ©. For each
q; € Qf , define

b; (q5) H ((Czk)kej\{j} (M ke gy 9) H
=5, (2 @) [{ (e iy ey -0) : @i ) = il iy}
v [(yk)kej\{j} 79} S [Xkej\{j}Yk} X 0,

i.e., b; (g;) mimics b; (X; (¢;)) regarding induced belief on [x e (;3Yi] x ©.

Case 3: (Irublic grrivate)  Given (TPublic yrrivate) "each principal j observes only (¢/,m}),
and for notational simplicity, we write ¢; [c’ , m;] for t; (I'; (), ¥, (m')). Furthermore, j has
a degenerate belief on C' x M;, and hence, we describe only the marginal belief on M_; x ©.
For each ¢; = (T (¢%),¥; (5(c%,0%))) € QF, b; (g;) mimics

b; (35 (g5)) = b ([U; (v (¢™)) , @5 (s (v (V) ,09))]) -

¢ M) s MY defined below

For each ¢ € ({cx} UCE), ., and each j € J, we use 1 ;

keJg
() Y
to translate messages in M; back to messages in M”.

(
e s
m; if ¢ = ¢j;

d; € CI\Aqj},
1 (my) = 75 (¢5) [my] # E;
i € CIN\ A},

v; (¢f) [my] = E;

\

Then, define

bj (q;) [N x {6}] = b; (£ (¢;)) H ((mk)kej\{j} ’9> : [772% (m’“>] NS NH ’

YN C xpegy (ME”) VO € O,
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(Bt [¢,my]] if | 3[L; € 2% and H; = {[E;,y;] : y; € E;}] satisfying Definition 4,




i.e., b; (q;) mimics b; (3, (g;)) subject to re-labeling messages via niqj. Similarly, for each
q; = (T (c%), ¥, (M) € QFNQF™*, b; (q;) mimics

b; (35 (g5)) = b; ([FJ [y (c%)], ¥ [¢6Tj <W>H> :

Thus, define

bj (¢;) [N x {0}] = b; (%; (¢5)) H ((mk)kej\{j} ’0> : [TIZ% (mk)] N NH 7

N C spe gy (MF) V0 €6,

i.e., b; (¢;) mimics b; (¥; (¢;)) subject to re-labeling messages via 75" .

It is straightforward to see that (c,s,t) is replicated by (C,E, f), and all the play-
ers inherit incentive compatibility from (c,s,t), i.e., (¢, 5,7) is a [CT, CF]-equilibrium and
(e,8,t) (C,E%) .
z =z .

A.4 Proof of Theorem 3

Proof. Fix <A7 F7 \IJ> — <Anon—delegated, Fprivate, \ijrivate>. We have

(A, T, wy[cA,cA] (A, T, W)—[CP,CA]

VA A : (28)
(A, T, q')f[cA,cA] (A, T, \If)—[CP,CA]

VA c Zf : (29)
(A, T, ). [cP cA (A, T, v)-[cP cF

Z¢ el e ") : (30)

where (28) follows from Lemma 1 and C* 2* CF, (29) from Lemma 3, and (30) from
Proposition 2. (28), (29) and (30) imply Theorem 3.1

A.5 Proof of Theorem 4

Proof. Fix <.A, F, \If> — <Anon—delegated’ Fprifuate’ \ijrifuate>_ We have

(A, T, \p>7[cA,cA] (A, T, \P)—[CP,CF]

= z¢ : (31)
(A, T, qm[cP,cP] (A, T, \I/)—[CP,CF]

A > Zf : (32)

ZE

where (31) follows from Theorem 3 and (32) from Lemma 2 and C* 3** C¥. Thus, (31)
and (32) imply Theorem 4.1
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