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Abstract

In common agency problems, competing principals often incen-
tivize a privately-informed agent’s action choice by offering incentive
functions that specify the principal’s action as a function of the part
of the agent’s action that is contractible. This paper shows that
when the agent’s preference relation is strictly monotone in each
principal’s action, the set of all equilibrium allocations relative to
incentive functions is identical to the set of all equilibrium alloca-
tions relative to any complex mechanisms.

1 Introduction

In common agency problems, competing principals try to control a privately-
informed agent’s action choice because their preferences on the agent’s ac-
tions are not aligned with one another. Common agency problems are
prevalent in practice, ranging from lobbying, public good provision, selling
private goods, vertical contracting to financial contracting. The literature
on common agency takes the path, as a natural route, in which each princi-
pal non-cooperatively incentivizes the agent’s action choice with an incen-
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tive function that specifies his action as a function of the part of the agent’s
action that is contractible.!

The competition model relative to incentive functions however precludes
the possibility of the principal offering to the agent a complex mechanism
that assigns his incentive function contingent on the agent’s message, or
equivalently a menu of incentive functions from which the agent chooses an
incentive contract that she wants, according to the menu theorem (Peters
2001; Martimort and Stole 2002). The menu theorem shows that for any
equilibrium relative to any complex mechanisms, there exists an equilibrium
relative to menus of incentive functions that sustains the same outcomes.?

The menu theorem is very general because it works without restrictions
on principals’ preference relations and the agent’s. However, it is quite
difficult to derive an equilibrium in the game where principals offer menus
of incentive functions. Pavan and Calzolari (2010) showed that it is useful
in deriving an equilibrium relative to menu to utilize a class of incentive-
compatible extended direct mechanisms that ask the agent about her payoff
type and also about her choice of payoff-relevant alternatives from the other
principals.® The competition relative to the class of incentive-compatible
extended direct mechanisms does not generate all equilibrium allocations
relative to any complex mechanisms, but it does equilibrium allocations
associated with Markov pure-strategy equilibria relative to any complex
mechanisms in which the agent’s report depends only on the payoff-relevant
information.

This paper examines when it is enough to model principals’ competition
only relative to incentive functions in terms of characterizing the set of
all equilibrium allocations relative to complex mechanisms. It shows that
when the agent’s preference relation is strictly monotone in each principal’s
action, the set of all equilibrium allocations relative to incentive functions
is the same as the set of all equilibrium allocations relative to the set of
any complex mechanisms that assign an incentive function contingent on
the agent’s message. The agent’s preference relation satisfies the strict

"'We use masculine pronouns for principals and feminine pronouns for the agent.

2The revelation principle for a single principal associated with incentive-compatible
mechanisms defined over the agent’s payoff type does not hold when multiple principals
are non-cooperatively competing in the market (Epstein and Peters 1999). The reason
is that the agent has private information not only on her payoff type but also on what
is happening in contracting with the other competing principals.

30nce equilibrium incentive-compatible extended direct mechanisms are identified,
each principal can equivalently offer a menu that is the image set of his equilibrium
mechanism.



monotonicity in each principal’s action if there exists a unique action in
any compact subset of each principal’s actions that maximizes the agent’s
payoff given the contractible part of the agent’s action regardless of her
payoft type, the non-contractible part of her action, and the other principals’
actions. Our theorem should be useful examining when the competition
relative to incentive functions generates all equilibrium allocations relative
to complex mechanisms. Notably, this condition is satisfied when each
principal’s action can be characterized by monetary transfer between him
and the agent (e.g., monetary payment, price, tax, and etc.).

Our result is closely related to Peters (2003) in that he identified the
condition under which the set of pure-strategy equilibrium payoffs relative
to complex mechanisms can be preserved by equilibrium payoffs relative to
incentive functions. This condition is called the “no externalities” condition
for principals’ preference relations and the agent’s. The strict monotonicity
for the agent’s preference relation identified in this paper satisfies the “no
externalities” condition for the agent’s preference relation in a stronger form
but our result requires no restrictions on principals’ preference relations.
With the strict monotonicity condition for the agent’s preference relation
only, our result extends Peters’s result (2003) in the sense that it allows for
mixed strategy equilibria and it shows the equivalence between the set of
all equilibrium allocations relative to complex mechanisms and the set of
all equilibrium allocations relative to incentive functions.

It is important to know that the incentive function is not equivalent to
the menu. A menu is defined as an arbitrary set of incentive functions in
Peters (2001, 2003) given the viewpoint that a mechanism is a negotiating
scheme that specifies an incentive function contingent on the agent’s mes-
sage. Clearly the set of incentive functions is a strict subset of the set of
all possible menus of incentive functions because an incentive function is a
menu with only one incentive function. Alternatively, one can view a mech-
anism as a negotiating scheme that directly specifies the principal’s action
and the contractible part of the agent’s action contingent on the agent’s
message. For example, suppose that only the jth component z; of the
agent’s action x = [xy,...,x ] is contractible between principal j and the
agent. Given this alternative viewpoint of the mechanism, a menu offered
by principal j can be defined as an arbitrary set of y;-x; pairs, where y;
denotes principal j’s action. Any incentive function a;(z;) can be converted
into a menu by taking its graph {(y;,z;): y; = aj(z;) Vz;}. However, not
every menu can be converted into an incentive function. Note that a menu
can include two different pairs (y5, ;) and (3, z;) given the same ;. How-
ever, such a menu cannot be converted into an incentive function because



an incentive function specifies a unique y; for any given z;.* Therefore,
the set of incentive functions (more precisely, the set of graphs of incentive
functions) is also a strict subset of the set of all possible menus given this
alternative definition of the menu.

Our paper shows that, in addition to its tractability in deriving equi-
librium allocations shown in the literature, the competition relative to this
particular subset of menus (i.e., the set of incentive functions) generates the
set of equilibrium allocations that is the same as the set of all equilibrium
allocations relative to any complex mechanisms when the agent’s prefer-
ence relation is strictly monotone in each principal’s action. The taxation
principle (Rochet 1985; Guesnerie 1995) for the case with a single princi-
pal and a single agent (or a continuum of agents) shows that the principal
can rely on the set of incentive functions without loss of generality when
monetary transfer (e.g, monetary payment, price, tax and etc) is involved.
The result in our paper can be viewed as a generalized taxation principle,
which provides the sufficient condition under which the set of all equilibrium
allocations relative to incentive functions is the same as the set of all equi-
librium allocations relative to any complex mechanisms in the environments
with an arbitrary number of principals.

2 Preliminaries

When a measurable structure is necessary, the corresponding Borel o -
algebra is used. For aset S, A(S) denotes the set of probability distributions
on S. For any s € A(S), supp s denotes the support of the probability
distribution s. For any mapping L from G into @), L(G) denotes the image
set of L.

There are a set of principals, J = {1,---,J}, and a single agent. The
agent has private information about her preferences. This information is
parameterized by an element, called a (payoff) type, in a set . Princi-
pals share a common prior belief that the agent’s type follows a proba-
bility distribution F' on 2. The agent can take an action x from a set
X. Each principal j can take an action y; from a set Y;. If the agent of
type w takes an action x and the array of actions that principals take is
(y1,-..,97), the agent’s payoff is u(y1,...,ys, z,w) € R and principal j’s
payoff is v;(y1,. ..,y z,w) € R.

4A menu can be converted into an incentive correspondence that specifies a set of
principal j’s actions conditional on z;. In this case, the agent chooses x; and then
principal j’s action from the set specified by x;.



An incentive function a;: X — Y; that principal j offers to the agent
specifies his action as a function of the part of the agent’s action that is
contractible between them. Following Peters (2003), let &; be a collection
of measurable equivalence classes, whose union is X such that principal j
is constrained to respond to each action in the same equivalence class the
same way. It implies that, for any incentive function a;, a;(z) = a;(2’) if x
and z’ belongs to the same equivalence class, say Z: i.e., z,2' € T.

The set of feasible incentive functions for principal j is therefore defined
as A; = {a; € A;: a; is Xj-measurable}. A; differs in the part of the
agent’s action that is contractible between principal j and the agent. Let
A = x{_,A. In public common agency, principal j can make his action
contingent on the whole action taken by the agent. In this case, each action
x is an equivalence class. In private common agency, the agent’s action x is
decomposed into J components, x = [x1, ...,z ], and principal j can make
his action contingent on only the jth component, x;, of the agent action.
In this case, an equivalence class is the set of the agent’s actions that have
the same jth component.’

A principal may offer to the agent a mechanism that assigns an incentive
function as a function of the agent’s message. By doing so, he can make
his incentive function itself responsive to the agent’s report on both her
type and what the other principals are doing in the market. Formally, a
mechanism that principal j offers is a measurable mapping v,: M; — Aj;,
where M; is a set of messages available for the agent. When the agent sends
a message m; € M; to principal j, the incentive function v;(m;) € A; is
assigned. Let I'; be the set of mechanisms available for principal j and
' = x{_;Ts. The common agency game relative to ' starts when each
principal j simultaneously offers a mechanism from I';. After seeing a profile
of mechanisms v = [y, -+ ,7;] € T', the agent sends messages to those
principals and takes an action from X. The agent’s action then determines
principals’ actions given the incentive functions specified by the agent’s
messages. Finally, payoffs are realized.

The agent’s continuation strategy is characterized by a measurable map-
ping dp: I' x Q@ — A(M x X), where M = xj_, M;,. Given a continuation
strategy do, let do(7y,w) denote a probability distribution on the agent’s ac-
tion and messages. Any continuation strategy do can be decomposed into
Jo: I'x 2 — A(X) and §p": X x I' x Q@ — A(M). Let 65(v,w) denote

SMartimort (2007) coined the terminologies of public common agency and private
common agency. In the example of private common agency where the buyer (agent)
buys a good from several sellers (principals), the jth component of the agent’ action can
be interpreted as the quantity of the good that the buyer buys from seller j.



the probability distribution on the agent’s action conditional on (y,w) and
9" (z,7v,w) the probability distribution on the agent’s messages across prin-
cipals conditional on (z,7v,w). When the agent’s continuation strategy is
09, her continuation payoff is

U(7,dp,w) =
/ [ [ wlnm)@)... v ) 0).0) 457 .0 | )

at each (y,w) € I' x Q. Let C be the set of all continuation strategies for
the agent. A continuation strategy dg is a continuation equilibrium relative
to T if U(y, do,w) > U(y, dy,w) for all (7,8, w) € T x C x Q. Let C be the
set of all continuation equilibria relative to I'. Given ¢y € C, principal j's
continuation payoff is

Vi(7,d0) =
/Q [/X </M v; (7,(m1) (@), ..., v, (my)(x), v, w) dég”b(x,%w)> d(sg(%w)} dF

at each v € I'. Let §; € A(I';) be principal j’s strategy. Given a contin-
uation equilibrium Jy and the other principals’ strategies ¢_;, principal j’s
payoff associated with 9; is

‘/}(51'76—1'760)5/ (
r; \Jr

/ W(7j77—j760>d(5—j> d53

—J

A strategy profile 6 = [01,...,d7,00] is a perfect Bayesian equilibrium
(henceforth simply an equilibrium) relative to I' if (i) dp € C and (ii) for all
j S j and all (5; € A(F]), ‘/}(5]-,5_3-,(50) > %(5;,(5_]‘,(50).

We will denote the set of equilibria relative to I' by E(I"). For any
equilibrium ¢ € E(T"), we will then denote by 7s: 2 — A(X x Y) the asso-
ciated social choice function, which characterizes the equilibrium allocation
in 0 € E(T).

3 Competition relative to A

In the common agency game relative to A, each principal simultaneously
offers an incentive function to the agent and then the agent takes her action,
which subsequently determines each principal’s action given his incentive



function. Let g : A x Q — A(X) denote the agent’s action strategy in the
common agency game relative to A. Let Z be the set of all continuation
equilibria relative to A. Given a continuation equilibrium oy € Z, we can
define the agent’s continuation payoff U(a,oq,w) for all (a,w) € A x Q.
Let 0; € A(A;) denote principal j’s strategy. Given an equilibrium o =
[01,...,07,00] relative to A, we can define principal j’s equilibrium payoff
Viloj,0-5,00).

An incentive function a; can be thought of as a mechanism ~§: M} —
Aj, where the set of messages, M, is a singleton. Let I'y be the set of
all mechanisms given M¢. Let I'* = x_,I'}. Being consistent with the
definition of an enlargement of menus in Pavan and Calzolari (2010), we
define an enlargement of incentive functions as follows: I' = x{_,T'; is an
enlargement of ['* (or equivalently an enlargement of A) if, for all j € 7, (i)
there exists an embedding ¢,: I'y — [';;% and (ii) for any v; € Ty, v, (M),
the image set of v, is compact. Our interest is when the set of equilibrium
allocations relative to any enlargement I' of A is the same as the set of
equilibrium allocations relative to A. To this end, let us introduce a strict
monotonicity condition for the agent’s preference relation with respect to
each principal’s action.

Definition 1 The agent’s preference relation is strictly monotone in each
principal’s action if, for each j € J, each equivalence class T € X;, and
each compact subset B} C Y,

argmax u(y;, y—j, ¥, w)
y; €55

is the same for all (y_;,z,w) € Y_; x & x Q and it is a singleton.
For any j € J, any v, € [';, and any & € X define B;(7,,) as
Bj(Z,7v;) =1{y; € Y;: y; = v;(my)(x) for all m; € M; and some x € T}.

1)
7v;(m;) is the incentive function that principal j assigns when the agent
sends a message m; so that B;(Z,7;) is the set of principal j’s actions that
the agent can induce when she takes any action x in an equivalence class
.7 Forall j € J, all v; € T;, and all z € X, let

Y;(v;)(7) = argmax u(y;,y—j, T, w) (2)
y;€B;(Z7;)

6An embedding ¢;: I'y — I'j can be thought of as an injective function such that for
all v§ € 'Y, 7§ and ¢;(7) have the same image set.

"If 2 and 2’ belong to the same equivalence class Z, then v, (m;)(z) = v;(m;)(z’) for
any m; € M;. Therefore, the set on the right hand side of (1) is for all z € Z.
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be principal j’s action that maximizes the agent’s payoff among all actions
in B;(Z,7;) when she takes x, where T in (2) is the equivalence class that
satisfies * € 7 given x. When the agent’s preference relation is strictly
monotone in each principal’s action, 1;(v;)(x) is a singleton for all x € X
so that 1,(;) itself becomes an incentive function that specifies principal
7’s action as a function of the agent’s action.

For technical simplicity, we assume that t,(7;)(x) is non-empty for all
Je€J,allz € X, and all v; € Ty

Lemma 1 Suppose that the agent’s preference relation is strictly monotone
i each principal’s action. In any continuation equilibrium &gy relative to ',
any (my,...,my) in the support of 6('(x,v,w) satisfies

v5(m;)(x) = ;(7;) (@) (3)
for all (z,v,w) e X xI'x Qand allj € J.

Proof. Let v = [v,,...,7,] be the profile of mechanisms that principals of-
fer. Given a continuation equilibrium § relative to T, let d,” (z, v, w) be the
marginal probability distribution on M; conditional on (z,7,w). Suppose
that the agent’s preference relation is strictly monotone in each principal’s
action. Given +;, the set of principal j’s actions, B;(7,7;) defined in (1),
that the agent can induce depends on the action x that she takes because
x subsequently determines . Once Bj;(Z,7;) is determined, the agent will
always choose a message that leads to 1;(v;)(x) in B;(%,7;) because of
the strict monotonicity of the agent’s preference relation. It implies that
given x and ~y,, any m; in the support of 637 (,7;,7_;,w) must satisfy (3)
regardless of v_; and w. Therefore, any (m,,...,my) in the support of
3o (z,v,w) satisfies (3) for all (z,v,w) e X xI'xQandallj€J. m

Lemma 1 leads to the main result of the paper below.

Theorem 1 Suppose that the agent’s preference relation is strictly mono-
tone in each principal’s action. Then, a social choice function f: Q —
A(X xY) is supported by an equilibrium relative to A if and only if it is
supported by an equilibrium relative to any enlargement ' of A.

The intuition of Theorem 1 can be explained in an example with two
principals and one agent. Let = {w}. First suppose that a social choice
function f is supported by an equilibrium [01, d2, dg] relative to T' so that
f = ms. With a slight abuse of notation, let d;(v;) be the probability

8



that principal j offers a mechanism ~; in I'; and d5(z|y,w) the probability
that the agent takes an action x conditional on (y,w) given her continuation
strategy do. Let the equilibrium strategies for principals [0, d2] be §1(7,) = 1
and do(7y) = 02(75) = d2(74) = 1/3. Suppose that, on the equilibrium
path, the marginal probability distribution d5(y,w) on the agent’s actions
satisfies:

/

Vs Y5 vy

0p (]71, 72, w) = 1/2
x P op(x , ’,w =11 (2" , ”,w -1
71 52 (2 |7y, Yo w) = 1/2 o(@|v1, 75, w) 0@ vy, 75, w)

We need to convert the equilibrium [d1, 02, o] relative to I' to an equilibrium
01,09, 00] relative to A that induces 7, = ms. Assume that the agent’s
preference relation is strictly monotone in each principal’s action. Then,
lemma 1 shows that principal j’s action, 9;(7;)(z), is uniquely determined
by the agent’s action x given 7, in any continuation equilibrium.

Let 1, (y,) = a;. If principal 1 offers 7, and the agent takes x, then his
action becomes ¥, (v,)(z) = a1(z) regardless of the agent’s type and the
actions taken by the other principals. Therefore, principal 1’s action can be
preserved by directly offering a; instead of 7, so that let principal 1 choose
his strategy oy with

oi(ar) = 01(y) =1 (4)

in the game relative to .A. Suppose that ©5(7,) = 1¥5(7%) = as and ¥4(75) =
ay with as # aj. Note that both v, and 74 are converted into ay but 4} into
ay so that let principal 2 choose his strategy o with

oo(az) = 2(72) +02(7) = 1/34+1/3 =2/3, (5)
oaay) = 0a(vy) = 1/3. (6)

Suppose that principal 1 offers a; and principal 2 offers a, in the game
relative to A. It implies that principal 1 offers v, and principal 2 offers v, or
74 in the game relative to I'. Because d;1(v,) = 1 and da(yy) = d2(75) = 1/3,
it is clear that (v, 7,) is realized with probability 1/2 and (v, 74) is realized
with probability 1/2 given that principal 1 offers v, and principal 2 offers
75 Or ¥4 in the game relative to I'. Subsequently, when principal 1 offers
a1 and principal 2 offers ao, we can assign the distribution on the agent’s
actions og(ay, as,w) with

O'O(LU|CL1,G,2,W) = 1/2 X 53(:6‘717727(")) + 1/2 X 63('%”71771270‘)) = 3/4(7>
oo(2'lar, az,w) = 1/2 X 05(2"|7y, 72, w) = 1/4. (8)

9



When (aq,a) is a profile of incentive functions offered to the agent, it is
optimal for her to take her action according to og(ay,as,w) specified in
(7) and (8) because it is optimal for her to take any action in the support
of §5(7v1,79,w) or the support of 05(7), Vs, w). Similarly, when principal
1 offers a; and principal 2 offers aj, we can assign the agent’s optimal

distribution on her actions o¢(ay, ajy,w) with
O'()(CC”|CL1,(I,2/,W) = 6g(x”|’7177/2,7w) =1 (9)

Note that o = |01, 09, 0¢] specified in (4) - (9) preserves the probability
distribution on the agent’s actions and the profiles of incentive functions
that are induced by principals’ mechanisms on the equilibrium path: i.e.,
(x,a1,a9) with prob. 1/2, (2/,aq,as) with prob. 1/6, and (2", aq,ay) with
prob. 1/3. Consequently it implies that 75 is reproduced by 7, with o
specified in (4) - (9) because, given the strict monotonicity of the agent’s
preference relation, principal j’s action 1;(v;)(z) is uniquely determined by
the agent’s action x given 7, in any continuation equilibrium. As shown in
the proof, we can also properly assign a continuation equilibrium upon each
principal j’s deviation in the game relative to A that prevents him from
deviating to any incentive function.

It is simpler to prove the other way around. Suppose that a social choice
function f is supported by an equilibrium o relative to A, i.e. f = m,. Any
incentive function a; can be viewed as a mechanism 7, that assigns a; re-
gardless of the agent’s message and hence we only need to consider principal
7’s deviation to a mechanism that does not assign the same incentive func-
tion for all messages. When principal j deviates to such a mechanism, say
7;, the agent chooses her action x according to a¢(¢;(7;), a—;,w) and send
to principal j a message m; that satisfies v,(m;)(r) = v;(7;)(z) given her
action z. Then, principal j’s payoff upon deviation to v, is the same as the
one he receives when he deviates to the corresponding incentive function
¥,(7,) in the game relative to A so that it is not a profitable deviation
relative to I'.

4 Discussion
We discuss how our result is related to the “no externalities” condition in

Peters (2003) and the difference between the incentive function and the
menu.
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4.1 No Externalities Conditions

Peters (2003) focuses on pure-strategy equilibria where principals employ
pure strategies. Theorem 2 in Peters (2003) shows that any pure-strategy
equilibrium relative to type direct mechanisms that assign an incentive func-
tion contingent on the agent’s type report continues to be an equilibrium
relative to menus (or equivalently any complex mechanisms) while the com-
petition relative to type direct mechanisms may not generate all equilibrium
allocations relative to any complex mechanisms.

Peters then defines a “no externalities” condition for each principal’s
action. Theorem 4 in Peters (2003) showed that if the “no externalities”
condition holds, payoffs associated with any pure-strategy equilibrium rel-
ative to any complex mechanisms that assign an incentive function in A
contingent on the agent’s message are preserved by a pure-strategy equilib-
rium relative to random incentive functions. Principal j’s random incentive
function specifies a probability distribution on y; contingent on the part of
agent’s action that is contractible while an incentive function in A speci-
fies y; directly.® The “no externalities” condition in Peters (2003, 2007) is
stated as follows:

D1. For each j € J, there exists a function v; : ¥; x X x 2 — R such that
for all (y1,...,ys) € x]_ Vi, all x € X, and all w €

v (Y1, ..,y T, w) = 0,(y;, T, w)
D2. For each j € J, each T € &), each closed subset B} C Y}, the set
{y; € By - uly;,y—j,z,w) > u(y,y—;,z,w) for all y; € Bf}  (10)
is the same for all (y_;,z,w) € Y_; x & x Q.

The strict monotonicity of the agent’s preference relation satisfies con-
dition D2 in a stronger form in that it additionally requires that the set
in (10) be a singleton. The strict monotonicity of the agent’s preference
relation implies that even when the agent randomizes her communication
with principal j in the game relative to ', principal j’s action will be al-
ways the same given the agent’s type and her action. Not only does it make
random incentive functions superfluous, contrary to Theorem 4 in Peters
(2003), but it also makes it possible for any mechanism to be associated

8A random incentive function offered by principal j is defined as «; : X — A(Yj).
While an incentive contract is defined as a; : X — Y.

11



with a unique incentive function: Furthermore, restrictions on principals’
preference relations such as condition D1 are not required to establish the
result in Theorem 1 in our paper.

Peters’s results show how to preserve players’ equilibrium payoffs in pure
strategy equilibria with the “no externalities” condition. With the strict
monotonicity of the agent’s preference relation only, we strengthen Peters’s
results by allowing for all equilibria including mixed-strategy equilibria and
by preserving equilibrium allocations: Theorem 1 shows that the set of all
equilibrium allocations relative to any enlargement I' of A is the same as
the set of all equilibrium allocations relative to A.

The strict monotonicity of the agent’s preference relation is stronger
than the “no externalities” condition for the agent’s preference relation.
However, it does not require that the agent’s payoff function be quasi-linear
or additively separable (or separable a la Attar et al. 2008). The strict
monotonicity is sufficiently general to allow the agent’s preferences over
her actions to depend on principals’ actions and the agent’s type in public
common agency and to allow the agent’s preferences over z; to depend
on principals’ actions, her choice of x_;, and her type in private common
agency.

Notably, the strict monotonicity of the agent’s preference relation is
satisfied when each principal’s action can be characterized by monetary
transfer such as monetary payment, price, tax rate, and etc. Let y; be
the amount of monetary transfer from the agent to principal j. Consider
private common agency. Because only the jth component z; of the agent’s
action is contractible, an equivalence class ¥ associated with x; includes all
actions with the jth component being z;. Given the equivalence class
associated with x;, we have that

Yj < y; — u(yj7y—juxjax—jaw) > u(y;-,y_j,l’j,l’_j,w) (11)

for all (y_;,z_;,w) € Y_; x X_; x Q because the agent always prefers less
monetary transfer to principal j given x; regardless of (y_;, x_;,w). How-
ever, (11) allows the agent’s preferences on x; to depend on (y1, . .., ys, T—j,w).
Consider public common agency. Because the whole action of the agent is
contractible, each action x is an equivalence class so that each equivalence
class is a singleton. Given each x, we have that

yp < Yy = u(ys, y—j, T, w) > u(y, y_j, T, w) (12)

for all (y_;,w) € Y_; x Q because the agent always prefers less monetary
transfer to principal j given z regardless of (y_;,w). However, (12) allows

12



the agent’s preferences on x to depend on (yy, . .., ys,w). It is clear that (11)
and (12) satisfy the strict monotonicity of the agent’s preference relation.

4.2 Incentive functions vs. Menus

A menu is an arbitrary set of alternatives from which the agent simply
choose an alternative that she wants. The definition of the menu depends on
how to view a mechanism. We take Peters’s viewpoint in which a mechanism
is a negotiation scheme that assigns an incentive function contingent on the
agent’s message. In this case, a menu is naturally defined as an arbitrary set
of incentive functions from which the agent chooses an incentive function
that she wants. Given this definition of the menu, the set of all incentive
functions is strictly smaller than (i.e., a strict subset of) the set of all menus
because an incentive function is a menu that includes only one incentive
function.

Alternatively, one can view a mechanism as a negotiation scheme that
directly assigns a pair of the principal’s action and the contractible part
of the agent’s action contingent on the agent’s message. In this case, a
menu can be defined as an arbitrary set of pairs of the principal’s action
and the contractible part of the agent’s action. Even with this alternative
definition, the menu is not equivalent to the incentive function so that
the set of incentive contracts is strictly smaller than the set of menus.
This point can be explained simply with a single principal and a single
agent: The principal takes an action y from a set Y and the agent takes
an action x from a set X. For simplicity, assume that the whole action x
is contractible so that each single action is an equivalence class. In the
alternative viewpoint of a mechanism, a mechanism is a mapping from M,
the set of messages, into X xY. Because of the standard revelation principle,
we only need to consider incentive-compatible type direct mechanisms. It
is quite straightforward to show that any incentive-compatible type direct
mechanism can be replaced with a menu.

Consider the following example in which Y = {y°, ¢/}, X = {2°,2'},
and Q = {w°,w',w"}. Suppose that the agent’s payoffs are characterized as
follows:

wO w/ w//
(y°,z°) |1 |2 |3
(y,z°) |4 |1 |4
(yo,2') |3 |3 |2
(y,2') |2 |4 |1




Let v, = {x,y} be a type direct mechanism, where x:  — X specifies
the agent’s action as a function of her type report and y: {2 — Y specifies
the principal’s action as a function of her type report. Given the agent’
payoff structure above, the following type direct mechanism v, = {x,y} is
incentive compatible:

(x(w%),y(w%) = (¥ (13)
(x(w),y(W) = (,2) (14)
(x(@"),y(W") = (¥ 2°) (15)
)

Instead of offering the type direct mechanism v, = {x,y} satisfying (13
- (15), the principal can simply offer to the agent the corresponding menu
that is the image set of the incentive-compatible type direct mechanism:

7 ={xW),yW): we @} ={(y*2), (y'a), (s, 2°)}.

Therefore, the principal can rely on menus instead of incentive compatible
direct mechanisms.

While every incentive-compatible type direct mechanism can be con-
verted into a menu by taking its image set, not every incentive-compatible
direct mechanism, or equivalently not every menu, can be converted into
an incentive function that specifies the principal’s action a function of the
agent’s action. For example, when the agent takes x’, any incentive func-
tion can assign only a single action for the principal because it is a function.
However, the type direct mechanism v, = {x,y} satisfying (13) - (15) or
the corresponding menu v* allows the agent to choose either y° or 3 given
her action choice z’. Therefore, the type direct mechanism v, = {x,y}
satisfying (13) - (15) or the corresponding menu v* cannot be converted to
any incentive function that specifies the principal’s action as a function of
the agent’s action.

Given the alternative definition of the menu, any incentive function
a: X — Y can be converted into a menu by taking its graph {(y,x) :
y = a(z) Y € X}. Such a menu does not includes two different pairs
(y,x) and (y',2") with y # ¢’ and x = 2’ because it is converted from
an incentive function. Let I'* be the set of all possible menus given the
alternative definition of the menu. Let T' be the set of menus that are
converted from all incentive functions by taking their graphs. Given the
alternative definition of the menu, T is strictly smaller than (i.e., a strict
subset of ) T'*.

When the agent’s action is fully contractible in the case with a single
principal and a single agent, the strict monotonicity of the agent’s preference
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relation can be expressed as follows: For each j € J, each x € X, each
compact subset B* C Y,

argmax u(y,x,w) (16)
yeB*

is the same for all w € €2 and it is a singleton. When the agent’s preference
relation is strictly monotone in the principal’s action, we have that, for any
incentive-compatible type direct mechanism v, = {x,y},

x(w) = x(w) = y(w) = y(w) (17)

for all w,w’ € Q.9 (17) enables us to convert any incentive-compatible type
direct mechanism v, = {x,y} to an incentive function a: X — Y such
that a(x(w)) = y(w) for all w € 2. The strict monotonicity of the agent’s
preference relation in common agency can be viewed as the generalization

of (16).

5 Conclusion

Given any viewpoint of a mechanism, the principal can rely on the corre-
sponding set of menus without loss of generality in the case with a single
principal and a single agent. It is extended to the menu theorem for com-
mon agency (Peters 2001; Martimort and Stole 2002). Given the viewpoint
that a mechanism is a negotiation scheme that assigns an incentive function
contingent on the agent’s message, a menu in Peters (2001, 2003) is defined
as an arbitrary set of incentive functions. One can view a mechanism as
a negotiation scheme that directly assigns a pair of the principal’s action
and the contractible part of the agent’s action contingent on the agent’s
message: In this case, a menu is then an arbitrary set of y;-z; pairs, for
example, in private common agency.!°

9We can show this by contradiction. In contrary, suppose that for some w,w’ € Q,
x(w) = x(w') but y(w) # y(w’). The strict monotonicity and the incentive compatibility
imply that the agent of type w strictly prefers y(w) to y(w’) given x(w). Because of
the strict monotonicity, it means that the agent of type w’ also strictly prefers y(w)
to y(w') given her same action choice x(w’) = x(w). Hence it contradicts the incentive
compatibility.

10 Again, it is important to know that the menu in this definition is also not equivalent
to the incentive function because the incentive function assigns a unique y; for any given
x; while the menu can assign many different y; for any given z;. In fact, the menu is
equivalent to the incentive correspondence that assigns a set of principal j’s actions for
any given x;.
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Pavan and Calzolari (2010) however pointed out that the menu theo-
rem provides no indication as to which incentive function or action pair the
agent selects from the menus, nor does it permit one to restrict attention to
a particular set of menus. In contrary, the taxation principle (Rochet 1985;
Guesnerie 1995) shows that, for the case with a single principal and a single
agent (or a continuum of agents), one can focus only on the set of incentive
functions when monetary transfer (e.g., monetary payment, price, tax, and
etc.) is involved.™ The set of incentive functions is a strict subset of the set
of all possible menus given any definition of the menu. By restricting to this
particular subset of menus (i.e., the set of incentive functions), the taxation
principle makes it possible to conveniently use Optimal Control Theory in
deriving the equilibrium incentive function (Rochet 1985). Such a technique
has been extended to common agency problems in deriving equilibrium in-
centive functions and allocations when the competition among principals
are modeled relative to incentive functions (Martimort 2007). Our paper
shows that, in addition to its tractability in deriving equilibrium allocations,
the competition relative to incentive functions generates the set of equilib-
rium allocations that is the same as the set of all equilibrium allocations
relative to any complex mechanisms when the agent’s preference relation is
strictly monotone in each principal’s action. This result can be viewed as a
generalized taxation principle, which provides the sufficient condition under
which the set of all equilibrium allocations relative to incentive functions
is the same as the set of all equilibrium allocations relative to any complex
mechanisms in the environments with an arbitrary number of principals.

APPENDIX: Proof of Theorem 1

Suppose that a social choice function f: Q — A(X x Y) is supported
by an equilibrium ¢ relative to I' for any enlargement I' of A, i.e., f = 7s.
For each j € J, let o; be the measure induced by d; through the map ;.
Let wj_l be the inverse correspondence of ¢;. For any a; € Aj;, define the
set D;(a;) C T as

Dy(ay = { ¥5'(@) 0 supp d; ify;}(a) N supp §; # 2
T Y, (ay) otherwise,
where {p;l(aj) is an arbitrary mechanism in v, ' (a;). Forany a = [as,...,a,] €

A, let D(a) = xj_,Dy(ax) CT.

Tn this case, an incentive function is called a taxation schedule or nonlinear price.

16



From the equilibrium strategy profile  relative to I', we can derive a
joint probability distribution b(D,w) on M x X for all D C I' and all
w € Q. Let b™(x, D,w) be the probability distribution on M conditional
on (z, D,w) that b(D,w) induces. Let b*(D,w) be the marginal probability
distribution on X that b(D,w) induces. Construct the agent’s continuation
strategy oo : A x Q@ — A(X) relative to A as

oo(a,w) = b*(D(a),w) (18)

for all (a,w) € A x . Lemma 1 implies that any (my,...,my) in the
support of b™(x, D(a),w) induces the same profile of principals’ actions,
lai1(z), ... ,as(x)]. Therefore, (18) ensures that the social choice function
s 2 — A(X x Y) associated with ¢ is the same as the social choice
function 7,: Q@ — A(X xY') associated with o given that o, is the measure
induced by d; through the map v, for each j € J.

When the agent chooses z, it is always optimal for her to report to
principals messages that lead to [a;(z),...,as(x)] given their mechanisms
v € D(a) according to Lemma 1. Given v € D(a) and her payoff type
w € (), the agent’s optimal choice of his action then satisfies

x € argmax u (ay(2'),...,a1(2"), 2", w). (19)
r’'eX
Any z in the support of b*(D(a), w) satisfies (19) because the joint probabil-
ity distribution b(D(a),w) is derived from the continuation equilibrium dg
relative to I'. Therefore, (18) implies that o is a continuation equilibrium
relative to A.
We only need to show that o; is a best response for principal j given
o_;. Consider each principal j's payoff. For any (a;j,a_;) € A, let

*

o) = [ ([ oo wne) dr o) i

= B | [ ([ 0 @) st 00 a5500,) ) aF]

Integrating v}(a;,a_;) using o_; yields

V}(a]'a 0—j, UO)

= E’YjeDj (az)
Een;(an V(7,055 00)]-
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Now we like to prove that o; is a best reply for principal j to o_;
given the construction of ¢ through ¢ = [¢,...,1;] by the equilibrium
0. First, consider any a; € supp o;. The construction of o; implies that
Dj(a;) = w;l(aj)ﬂ supp 0; # @. Because any v; € Dj(a;) is in the
support of d;, (20) implies that, for all v; € D;(a;) = w;l(aj)ﬂ supp 6,

Vilaj,o—j,00) = Vj(v;,0-5,00) = V(64,65 0) (21)

Second, consider any a; ¢ supp ;. Then @bj_l(dj)ﬂ supp 6; = @. In this
case, D;(a;) is a singleton of {pj‘l(dj) e I'; and (20) implies that
Vi(aj,0-5,00) = Vi(¥; (a3), 05, 00) (22)

(21) and (22) show that o; is a best response for principal j when the
other principals use o_; given a continuation equilibrium o(. Therefore, the
social choice function f: Q@ — A(X xY) is also supported by an equilibrium
relative to A.

Now suppose that a social choice function f: Q@ — A(X x Y) is sup-
ported by an equilibrium o relative to A. Note that any incentive func-
tion ay can be viewed as a mechanism -y, that assigns a; regardless of the
agent’s message. For principal j’s deviation to mechanisms in I';, one can
associate o, due to by Lemma 1, with a continuation equilibrium strategy

do : Iy x A_; x Q — A(M; x X) relative to I'; x A_; as follows. The
probability distribution 58% (z,7;,aj,w) on Mj satisfies, for all m; € supp
5’8% (.T, 7]7 a‘*j7w)7

v(my)(z) = ¥;(7;)(2) (23)
and the probability distribution Sg('yj, a_j,w) on X satisfies

Sg(’)/jaa*j?w) = Uo(wj(’)/j)aa*jaw)' (24)

If principal j deviates to a mechanism «; in I';, his payoff becomes

‘/j<f)/j70-*j750) = Vj(wj(’yj)vafjvao) (25>

because of (24). Because o is an equilibrium relative to A and ¢;(v;) € Aj,
we have

Viloj,0-4,00) > Vi(¥;(7;), 05, 00)- (26)

Combining (25) and (26) yields V;(o;,0_;,00) > Vj(v;,0-;, d). Therefore,
the social choice function f: Q2 — A(X X Y) can be also supported by an
equilibrium relative to I'.

18



References

1]

Attar, A., Majumdar D., Piaser G., and N. Porteiro (2008): “Common
Agency Games: Separable Preferences and Indifference,” Mathematical
Social Sciences, 56(1), 75-95.

Epstein, L. and M. Peters (1999): “A Revelation Principle for Com-
peting Mechanisms,” Journal of Economic Theory, 88(1), 119-160.

Guesnerie, R. (1995): “A Contribution to the Pure Theory of Taxa-
tion,” Cambridge University Press.

Martimort, D. (2007): “Multi-Contracting Mechanism Design,” in R.
Blundell, W.K. Newey and T. Persson (Eds.), Advances in Economics
and Econometrics: Theory and Applications; Ninth World Congress,
Volume 1, pp. 57-101, Cambridge, Cambridge University Press.

Martimort, D., and L. Stole (2002): “The Revelation and Delegation
Principles in Common Agency Games,” FEconometrica, 70(4), 1659-
1673.

Pavan, A. and G. Calzolari (2010): “Truthful Revelation Mechanisms
for Simultaneous Common Agency Games,” American Economic Jour-
nal: Microeconomics, 2(2), 132-190.

Peters, M. (2001): “Common Agency and the Revelation Principle,”
Econometrica, 69(5), 1349-1372.

Peters, M. (2003): “Negotiations versus Take-it-or-leave-it in Common
Agency,” Journal of Economic Theory, 111(1), 88-1009.

Peters, M. (2007): “Erratum to “Negotiation and take it or leave it in
common agency, ” Journal of Economic Theory, 135(1), 594-595.

Rochet, J-C. (1985): “The Taxation Principle and Mult-time
Hamilton-Jacob Equations,” Journal of Mathematical Economics, 14,
113-128.

19



